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QUANTUM METRIC SPACES AND THE GROMOV-HAUSDOREE 

PROPINQUITY 

FREDERIC LATREMOLIERE 

Abstract. We present a survey of the dual Gromov-Hausdorff propinquity a 
noncommutative analogue of the Gromov-Hausdorff distance which we intro¬ 
duced to provide a framework for the study of the noncommutative metric proper¬ 
ties of C*-algebras. We first review the notions of quantum locally compact metric 
spaces, and present various examples of such structures. We then explain the con¬ 
struction of the dual Gromov-Hausdorff propinquity, first in the context of quasi- 
Leibniz quantum compact metric spaces, and then in the context of pointed proper 
quantum metric spaces. We include a few new result concerning perturbations of 
the metrics on Leibniz quantum compact metric spaces in relation with the dual 
Gromov-Hausdorff propinquity. 
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1. Introduction 

Noncommutative metric geometry proposes to study certain classes of noncom- 
mutative algebras as generalizations of algebras of Lipschifz funcfions over mefric 
spaces, so fhat fhaf mefhods from mefric geomefry may be applied fo fhe analy¬ 
sis of such algebras. Quanfum physical sysfems and ofher problems where non- 
commufafive algebras appear nafurally, such as in the study of cerfain f 5 rpes of 
singular spaces, provide fhe mofivafion for fhis research. Inspired by fhe work 
of Connes [16, 17], Rieffel infroduced in [70, 71] fhe notion of a compacf quan¬ 
tum metric space and in [84] a generalization of fhe Gromov-Hausdorff disfance 
[36, 35], fhus providing in [45, 73] a meaning fo many approximafions of classical 
and quanfum spaces by mafrix algebras found in fhe physics liferafure (see for in- 
sfance [18, 64, 85, 63]), and pioneering a new sef of fechniques in fhe sfudy of fhe 
geomefry of C’^-algebras (a sample of which is [65, 72, 76, 78, 77]). This document 
presents some of fhe mefric aspecfs of noncommufafive geomefry, and in parficu- 
lar, our undersfanding of fhe fopologies which can be consfrucfed on various large 
classes of quanfum mefric spaces, by means of our noncommufafive analogues of 
fhe Gromov-Hausdorff disfance [35] called fhe dual Gromov-Hausdorff propin- 
quify [54, 52,48, 50,49]. 

The pursuif of an applicable fheory of quanfum mefric spaces continues to raise 
many challenges, two of which have been addressed in our recenf research. Firsf, 
over fhe pasf decade, fhe search for a noncommufafive analogue of fhe Gromov- 
Hausdorff disfance which would be adequafe for fhe sfudy of fhe behavior of 
C^-algebraic sfrucfures wifh respecf fo mefric convergence has proven an elusive 
query [77]. We recenfly infroduced a family of such mefrics, called dual Gromov- 
Hausdorff propinquities [54, 52, 48, 50], adapfed fo fhe prospective applications of 
noncommufative mefric geomefry. Second, fhe search for a proper nofion of lo¬ 
cally compact quantum metric spaces proved a delicafe issue. Our work [46, 47] is 
fhe main confribufion fo a fheory for such spaces, and we have recenfly added a 
framework for Gromov-Hausdorff convergence of proper quanfum mefric spaces 
[49]. The currenf documenf is build upon fhese fwo contributions. 

The core concept for our work is fhe generalization of fhe Monge-Kanforovich 
mefric fo fhe seffing of C*-algebras, or in ofher ferms, a generalization of fhe no¬ 
tion of a Lipschifz seminorm. The classical Monge-Kanforovich mefric, infroduced 
by Kanforovich [40] for his sfudy of Monge's fransporfafion problem, induces fhe 
weak* fopology on fhe sef of regular Borel probabilify measures on compacf mefric 
spaces. This property is, in fact, dual to the property that the set of real valued 1- 
Lipschifz maps over a compacf mefric space is ifself compacf modulo fhe consfant 
funcfions, fhanks fo Arzela-Ascoli Theorem. Rieffel proposed fo formalize fhese 
fwo properfies and exfend fhis dualify to unital C*-algebras. Thus, a noncom¬ 
mutative Lipschitz seminorm, which Rieffel called a Lip-norm, encodes a form of 
uniform equiconfinuify and gives us a noncommufafive Arzela-Ascoli Theorem. 

This picfure does nof exfend fo fhe locally compacf mefric space seffing: fhe 
Monge-Kanforovich mefric associafed fo fhe Lipschifz seminorm from a locally 
compacf mefric space is an exfended mefric and does nof f 5 rpically mefrize fhe 
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weak”^ topology on the set of regular Borel probability measures. Instead, Do- 
brushin [24] introduced a notion of "mefrically tighfs" sefs of probability mea¬ 
sures, on which the restriction of fhe Monge-Kantorovich mefric does induces fhe 
weak* topology. Generalizing these ideas is not a straightforward matter, and in 
facf, fhere are only two approaches, both from our own work: while in [46], we 
replace fhe Monge-Kantorovich metric by the bounded-Lipschitz distance, in [47] 
we propose a noncommutative analogue of Dobrushin's fighfness and study the 
Monge-Kantorovich metric. 

Another property of Lipschitz seminorms which connecfs it to the multiplica¬ 
tion of functions is fhe Leibniz inequalify. Yef, the Leibniz property of the Lips¬ 
chitz seminorm does not seem to play a role in the topological properties of the 
associated Monge-Kantorovich metric, and instead, it introduces some difficul¬ 
ties when trying to extend the Gromov-Hausdorff distance to quantum compact 
metric spaces [43, 77]. Yet, current research in noncommutative metric geometry 
[74, 75, 76, 78, 77, 79, 80, 81, 82, 83] suggests that the Leibniz property, or at least 
some variant of fhis property relating Lip-norms with the C*-algebra multiplica¬ 
tive structure, is a desirable feature. Our recent work thus focused on addressing 
the challenges of working wifh Leibniz Lip-norms, and discovered thaf if acfu- 
ally provides benefifs, such as ensuring fhat our new analogue of fhe Gromov- 
Hausdorff disfance has the desired coincidence property. Consequently, the Leib¬ 
niz property occupies a central role in these notes. 

A motivation for fhe sfudy of quanfum compacf mefric spaces is fo exfend to 
noncommutative geometry the techniques and idea from metric geometry. In par¬ 
ticular, the Gromov-Hausdorff disfance infroduces an intrinsic topology on the 
class of compacf metric spaces, and a noncommutative analogue would provide 
a tool to construct approximations of quanfum spaces, such as mafricial approx- 
imafions for quanfum tori [18, 45, 52]. Such approximations are at times found 
withouf a clear framework wifhin the mathematical physics literature; yet they 
could provide a new mean to construct physical theory. Interestingly, the Gromov- 
Hausdorff disfance appeared first in connection with the superspace approach to 
quantum gravity [89] in a proposal by Edwards [26]. 

The first noncommutative analogue of the Gromov-Hausdorff disfance was due 
fo Rieffel [84]. This disfance was however only partially capturing the C*-algebraic 
structure underlying quantum compact metric spaces; in particular, distance zero 
did not imply ^-isomorphism. Several alternatives to RieffeTs construction were 
offered [43, 44, 56, 57, 58] fo address this matter, though none were built around 
the Leibniz property. Instead, they incorporate some quantum topological infor¬ 
mation in their analogues of fhe Gromov-Hausdorff disfance, rafher than tie to¬ 
gether the quantum topological structure contained in C*-algebras with the quan¬ 
tum metric structures provided by Lip-norms. 

Thus, we propose a different path for fhe consfrucfion of the dual Gromov- 
Hausdorff propinquify [54, 52, 48, 50]. Our approach relies on connecting the 
quantum topological structure and the quantum metric structure by requiring that 
a form of the Leibniz property holds for all Lip-norms considered in our consfruc- 
tion. Our consfrucfion allows for quife some flexibilify in the choice of which form 
fhe Leibniz properfy can take. 
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The dual Gromov-Hausdorff propinquity induces the same topology in the 
classical picture as the Gromov-Hausdorff disfance, while also allowing fo prove 
fhaf quanfum fori or fhe algebra of confinuous funcfions on fhe sphere are lim- 
ifs of mafrix algebras, wifh appropriafe quanfum mefric sfrucfures. Our mefric 
also solves fhe coincidence properfy issue — ^-isomorphism is necessary for null 
disfance, while being explicifly compatible wifh Leibniz Lip-norms, fhus solving 
a decade of difficulties working wifh such seminorms. Moreover, our mefric re- 
fains fhe nafural feafures of Rieffel's original consfrucfion. We fhus propose fhaf 
fhe dual Gromov-Hausdorff propinquify is fhe proper fool for fhe sfudy of C”^- 
algebraic sfrucfures under mefric convergence, and a sfep in realizing fhis projecf 
is fhe recenf work by Rieffel [75,76,77,83] on convergence of modules, which bofh 
mofivafed and benefifed from our consfrucfion. 

In fhis documenf, we firsf survey fhe notion of a quanfum locally compacf mef¬ 
ric space. We sfarf wifh fhe class of Leibniz and quasi-Leibniz pairs, which are 
fhe basic ingredienfs of fhe fheory [16] and allow us fo define noncommufafive 
versions of fhe Monge-Kanforovich mefric and bounded-Lipschifz mefrics. We 
provide many examples of such sfrucfures. We fhen furn fo fhe dualify befween 
Arzela-Ascoli Theorem and fhe properties of fhe Monge-Kanforovich mefric and 
bounded-Lipschifz mefrics from fhe noncommufafive perspective. Rieffel pio¬ 
neered fhese matters in his work [70, 71]; our exposifion however begins wifh our 
own exfension of his original resulf fo non-unifal C “^-algebras, in order fo make 
our presenfafion less redundanf. The compacf quanfum mefric spaces infroduced 
by Rieffel are presenfed in Secfion (2.4.1). 

We fhen move fo our presenfafion of fhe dual Gromov-Hausdorff propinquify. 
The dual Gromov-Hausdorff propinquify is a noncommufafive analogue of fhe 
Gromov-Hausdorff disfance, originally designed fo address issues which arose 
when applying fhe consfrucfion of Rieffel's quanfum Gromov-Hausdorff disfance 
while imposing fhaf all involved Lip-norms are Leibniz. This consfrucfion indeed 
leads fo an objecf, called fhe proximify in [77], which is nof known fo be even a 
pseudo mefric, as fhe friangle inequalify may fail. Thus, our Gromov-Hausdorff 
propinquify is a way fo consfrucf an acfual mefric on Leibniz and, more gener¬ 
ally, quasi-Leibniz quanfum compacf mefric spaces in order fo address fhe same 
problems as fhe proximify aimed af solving, hence our choice of ferminology, as 
propinquify and proximify are s 5 monymous. If should be emphasized fhaf faking 
fhe Leibniz properfy as a core feafure in our consfrucfion acfually allows us fo fix 
fhe coincidence properfy of Rieffel's original mefric as well. 

We recall fhe basic properties of fhe Gromov-Hausdorff propinquify and fhe 
overall sfrafegies fo esfablish fhem. We also infroduce an imporfanf specialization 
of fhe dual Gromov-Hausdorff propinquify, fhe quanfum propinquify, for which 
several examples of convergence are discussed. The role of fhis specialized mefric 
is yef fo be fully undersfood, buf if seems fo be a useful mean fo prove conver¬ 
gences for fhe dual Gromov-Hausdorff propinquify and fo discuss convergence 
for mafrix algebras over convergenf Leibniz quanfum compacf mefric spaces [83]. 
We also presenf a generalization of Gromov's compacfness fheorem for our new 
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metric. We conclude with a section where we summarize our proposal for a topol¬ 
ogy on the class of poinfed proper quanfum mefric spaces inspired by fhe Gromov- 
Hausdorff convergence for proper mefric spaces. 

While fhis work is a survey, we do presenf a brief new resulf on perfurbafions of 
mefrics which applies, for insfance, fo conformal deformafions of specfral friples 
which give rise fo Leibniz quanfum compacf mefric spaces. 

2. Locally Compact Quantum Metric Spaces 

Alain Connes infroduced in [16] fhe idea of a mefric on a noncommufafive 
space, mofivafed in parf by fhe inferacfion befween fhe nofion of growfh for a 
discrefe group and fhe properfies of associafed unbounded Fredholm modules 
on fhe C*-algebras of such groups. This inferacfion, in furn, is inspired by Gro¬ 
mov's work [35]. In [16], fhe mefric of a noncommufafive space is a by-producf of 
fhe cenfral nofion of specfral friple, and ifs original purpose seemed fo have been 
a mean fo prove [16, Proposition 1] fhaf fhe sfandard specfral friple consfrucfed 
from fhe Dirac operafor of a spin Riemarmian manifold encodes fhe mefric on fhe 
underlying lengfh space. 

The general form of Connes' mefric for C’^-algebras endowed wifh a specfral 
friple, given in [16, Proposition 3], is nafurally inferprefed as a noncommufafive 
analogue of fhe Monge-Kanforovich mefric infroduced by Kanforovich in 1940 
[40] in his work on fhe fransporfafion problem of Monge, and since fhen a very 
rmporfanf fool of probabilify fheory [25], fransporfafion fheory [86], and many 
ofher fields such as fracial fheory [7]. 

The Monge-Kanforovich mefric, of course, is defined on any mefric space, as 
long as one is flexible in one's nofion of mefric: for example, in fhe case of locally 
compacf mefric spaces, fhe Monge-Kanforovich mefric is, in facf, an exfended mef¬ 
ric, i.e. if may fake fhe value oo befween fwo probabilify measures. While difficul¬ 
ties arise in fhe non-compacf setting, fhe fundamenfal nafure of fhe Monge-Kanfo¬ 
rovich mefric is a sfrong motivation fo exfend ifs consfrucfion, following Gonnes' 
initial idea, fo G*-algebras. A welcomed consequence of such a generalization is 
fhe possibilify fo imporf fechniques from mefric geomefry in noncommufafive ge- 
omefry. Inspired by Cormes' proposal, fhe sfrafegy followed by Rieffel [70,71] and 
lafer on ourselves [46, 47] is fo find a proper analogue of Lipschifz seminorms in 
noncommufafive geomefry, of which fhe Monge-Kanforovich mefric will be fhe 
dual. When working in fhe noncompacf seffing, we also consider a varianf of fhe 
Monge-Kanforovich mefric, known as fhe bounded-Lipschifz disfance, which is af 
times, better behaved. 

This secfion presenfs fhe nofion of a quanfum mefric space. We begin wifh a 
brief review of fhe classical picfure, fo serve as our model. We fhen isolafe, one by 
one, fhe properfies fhaf Lipschifz seminorms possess and we would wish fo keep 
when working over general G*-algebras. The simplesf properly is encoded in fhe 
nofion of a Lipschifz pair, which is fhe minimal ingredienf fo define fhe Mon¬ 
ge-Kanforovich mefric. We fhen nofe fhaf Lipschifz seminorms are lower semi- 
confinuous, which makes nofions of morphisms befween Lipschifz pairs easier fo 
work wifh. A more delicafe properly, which is easy fo sfafe yef af times challeng¬ 
ing fo use, is fhe Leibniz properly. While mosf examples possess fhis properly, ifs 


FREDERIC LATREMOLIERE 


actual role took some time to be uncovered, and is more related to our next section, 
where we will discuss the dual Gromov-Hausdorff propinquity. Last, the essen¬ 
tial property of Lipschitz seminorms relate to the Arzela-Ascoli theorem — and 
through duality, to the topology induced by the Monge-Kantorovich metric. We 
begin our exposition on this last property in the non-unital setting, where it is ben¬ 
eficial fo first work with the bounded-Lipschitz distance. We eventually provide a 
full picfure of how one may define a quanfum locally compact metric space. 

2.1. The Classical Model. Gel'fand duality [23, 6, 68] suggests that the proper 
mean to algebraically encode the topology of a locally compacf Hausdorff space 
X is to work with the G*-algebra Co(X) of C-valued confinuous funcfions on X, 
vanishing at infinity (i.e. continuous functions on the one-point compactification 
of X, vanishing at the infinity point). Thus, we seek to encode the metric informa¬ 
tion given by a locally compact, metric space (X, d) in some manner at the level of 
fhe G*-algebra Co(X). When X is compact, we will denote Co(X) simply by C(X). 

Let (X, d) be a locally compact metric space. A natural dual notion to the metric 
is given by the Lipschitz seminorm, defined for any funcfion / : X —F C by: 



( 2 . 1 ) 


We are fhus led to two questions: 

(1) Gan we recover the metric d from fhe Lipschifz seminorm Lip? 

(2) What properties of fhe seminorm Lip remain meaningful in fhe larger con- 
fexf of noncommufafive G^-algebras, yef capfure fhe usefulness of fhe Lip¬ 
schifz seminorm as a fool of analysis? 

By fhe Riesz-Markov-Kakutani Theorem, the dual of Co(X) consisfs of fhe regu¬ 
lar C-valued Borel measures, and in particular, the state space o5^(Co (X)) of Cq (X) 
consisfs of the regular Borel probability measures. 

The foundation upon which noncommutative metric geometry is built, and 
which owes to the study of fhe Monge transportafion problem, consists of the met¬ 
ric induced by the dual seminorm of Lip on the set of regular probabilify measures 
S^{Cq{X)) of X by seffing, for all cp,xp G J^(Co(X)): 



( 2 . 2 ) 


This mefric was introduced in 1940 by Kantorovich [40] in his pioneering work on 
Monge's transportation problem. In his original work, Kantorovich expressed the 
distance between two probability measures gj and ip over a metric space (X, d) as: 



The duality relationship between the Monge-Kantorovich metric and the Lip¬ 
schitz seminorm was first made explicit in 1958 by Kantorovich and Rubinstein 
[41], leading to the form of fhe mefric given by Expression (2.2), which will serve 
as fhe basis for our work. The firsf occurrence of a noncommufafive analogue of 
the Monge-Kantorovich metric, in the context of specfral friples, can be found in 
the work of Gormes [16]. 
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The Monge-Kantorovich metric is also known as the Wasserstein metric [88], 
thus named by Dobrushin [24], the earth mover metric, the Hutchinson metric, 
and likely other names. Our choice of terminology attempts to reflect the historical 
development of fhis imporfant construcfion and ifs original mofivafion. 

The Monge-Kantorovich metric associated with a compact metric space (X, d) 
possesses two fundamental properties which address the questions raised at the 
start of this section. First of all, fhe map x G X i— > 3x G ^{C{X)), where 
Sx is fhe Dirac probabilify measure at z G X, is an isometry from (X, d) into 
(J^(C(X)), mkLip). Since ^ G X} endowed with the weaM topology is the 
GeTfand spectrum of C(X), the isometry x G X i— > (5;^ is indeed natural. 

Moreover, and very importantly, the Monge-Kantorovich metric m kpjp extends 
d to the entire state space =5^(C(X)) of fhe compacf mefric space (X,d), and it 
metrizes the weak* topology on J^(C(X)). This fundamental property of rnkpip is 
the root cause of ifs importance in probability theory and related fields, and will 
serve as fhe sfarfing poinf for fhe fheory of quanfum mefric spaces. 

The Monge-Kanforovich metric associated to a noncompact, locally compact 
Hausdorff space is a much more complicated object. To begin with, it is not gener¬ 
ally true that one may recover the original metric from which fhe Monge-Kanforo¬ 
vich metric is constructed. More challenging is the observation that the topology 
of fhe Monge-Kanforovich mefric on fhe space of regular Borel probabilify mea¬ 
sures is not the weak* topology any longer. 

Our research unearthed two approaches to handle the noncompact, locally com¬ 
pact quantum metric space theory. Our newest methods [47] involve extending to 
the noncommutative realm a result from Dobrushin [24] which idenfifies a cerfain 
fype of sefs of regular probabilify measures whose weak* topology is mefrized by 
fhe Monge-Kanforovich mefric. 

Anofher approach [46] consisfs in using a varianf of fhe Monge-Kanforovich 
metric, called the bounded-Lipschitz metric and introduced by Fortet and Mourier 
[30, Section 5]. For any two tp, i/’ G =5^(Co(X)) and r > 0, we thus set: 


blLip,)'(<p,!/^) = sup 




:/eCo(X),||/i|c„(x)<l,Lip(/)^r 


Whenever (X, d) is a separable locally compact metric space, the bounded- 
Lipschitz distance blpip ^ metrizes the weak* topology on c5^(Co(X)). Moreover, 
if (X, d) is a proper mefric space (i.e. all ifs closed balls are compacf), fhen fhe 
map X G X H-> is an isomefry when resfricfed to any ball of radius at most r. 
In particular, if (X, d) is in facf compacf, then for r > 0 larger fhan the diameter 
of (X, d), the bounded Lipschitz metric blLip ,• agrees with the Monge-Kantorovich 
metric mkLip. Thus, the bounded-Lipschitz metrics provide a possible alternate 
approach to quantum metric spaces, which we explored in our research as well. 

In this section, we shall describe a framework which generalizes fhe consfruc- 
fion of fhe Monge-Kanforovich mefric and the bounded-Lipschitz metrics. This 
framework raises many technical challenges, yet will allow us to later develop 
noncommutative analogues of the Gromov-Hausdorff distance. 
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2.2. Leibniz Pairs. This section introduces various structures involved in our final 
definition of a quanfum locally compacf mefric space. The following nofafion will 
be used fhroughouf fhis documenf: 

Notation 2.1. Let 2t be a C*-algebra. The norm of 21 is denofed || ■ Hsi and fhe sfafe 
space of 2t is denofed by y (2t). The sef of self-adjoinf elemenfs of 2t is denofed by 
sa (2t). 

2.2.1. Lipschitz Pairs. At fhe roof of our work is a pair (2t, L) of a C’^-algebra and 
a seminorm L which enjoys various properties. The following definifion confains 
fhe minimal assumptions we will make on such a pair. 

Notation 2.2. Let 2t be a C*-algebra. The smallest unital C*-algebra containing 
21, i.e. either 2t if 21 is unifal, or ifs sfandard unitization 210 C [68] ofherwise, is 
denofed by u21. The unif of u21 is always denofed by la- Nofe fhaf sa (u2t) = 
so (21) © IRlgi if 21 is nof unifal. We identify every sfafe of 21 wifh ifs unique exfen- 
sion as a sfafe of u21. Under fhis idenfificafion, fhe sfafe space of u21 equals fo fhe 
quasi-sfafe space of 21 [68], and the weak"^ topology C7'(21*, 21) on (21) agrees with 
the weak* topology cr(u2t*, u2t) restricted to (2t). 

Definition 2.3 ([70], [47]). A Lipschitz pair (21, L) is a pair of a C*-algebra 21 and a 
seminorm L on a dense subspace dom(L) of sa (u21) and such fhaf: 

{a G sa (u21) : L(fl) = 0} = Rlgi- 

A unifal Lipschifz pair (2t, L) is a Lipschifz pair where 21 is unital. 

We wish to emphasize that the C*-algebra 21 of a Lipschifz pair (21, L) may nof 
be unifal; if nof fhen L is in facf a norm on some dense subspace of sa (21). To ease 
our nofafions lafer on, we will employ fhe following convention fhroughouf fhis 
documenf: 

Convention 2.4. We adopt the usual convention that if L is a seminorm defined 
on a dense subspace dom(L) of a fopological vecfor space U, and if a G V is nof in 
fhe domain of L, fhen L(fl) = oo. Wifh fhis convention, we observe fhaf: 

dom(L) = {fl G V : L(a) < oo} . 

Nofe fhaf wifh fhis convenfion, we do nof infroduce any ambiguify when falking 
abouf lower semi-confinuous seminorms by exchanging fhe original seminorm 
wifh ifs exfension. 

Moreover, wifh fhis convenfion, we sef 0 ■ oo = 0. 

The cenfral consfrucfion of noncommufafive mefric geomefry is fhe exfension 
of fhe Monge-Kanforovich mefric [40, 41] fo any Lipschifz pair: 

Definition 2.5 ([40], [70], [47]). The Monge-Kantorovich metric mki_ associated with 
a Lipschitz pair (2t, L) is the extended metric on the state space (21) of 21 defined 
by seffing for all cp,tp & .5^(21): 

mki_((j9, \p) = sup {\cp{a) — i/i(fl)| : fl G sa (21) and L(fl )^1}- 
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The Monge-Kantorovich metric is, as defined, an extended metric: Definition 
(2.3) ensures that, for any Lipschitz pair (21, L), and for any cp,ip E o5^(2l), we 
have mki{(p,\p) = Oif and only if cp = ip thanks to the density of the domain of 
L in sa (21), and moreover mkL is obviously symmetric and satisfies the triangle 
inequality. However, in general, mkL may take the value oo. 

Example 2.6 (Fundamental Example). Let (X, d) be a locally compact metric space, 
and let Lip be the Lipschitz seminorm on sa (Co(X)) induced by d via Expression 
(2.1). Then (Co(X),Lip) is a Lipschitz pair, and mkLip is the original Monge-Kan¬ 
torovich metric of Expression (2.2). 

If X = E, with its usual metric, in particular, and if we denote the Dirac proba¬ 
bility measure at x G X by Sx, then we note that: 

rnkpip (<^0/ 

\ new 

However, when (X, d) is bounded, then mkpip is an actual metric. If moreover 
(X,d) is compact, then for all y G X, the map fy : x G X i—> d(x, y) satisfies 
Lip(/y) ^ 1 and fy G C(X), and thus one easily checks that the map x E X ^ Sx 
is an isometry from (C(X),d) into {,9'{Cq{X)), mkpip). More generally, if (X,d) is 
proper, i.e. all its closed balls are compact, then x E X ^ Sx E c5^(Co(X)) is still 
an isometry [49]. 

When (X, d) is not proper, the map x E X ^ Sx need no longer be an isometry. 
Lor instance, for X = (0, 1) with its usual metric, since if / G Co(X) and Lip(/) ^ 1 
then ||/||cq(x) ^ thus two states are at most at distance j from each other 

for the Monge-Kantorovich metric. 

The metric given by Definition (2.5) has a long history and many names, as we 
discussed in the introductory section of this chapter. Our formulation is the result 
of some evolution of the idea of generalizing the Monge-Kantorovich metric to 
noncommutative geometry. The first occurrence of such a construction is due to 
Connes [16], where the seminorm L was obtained by means of a spectral triple, 
and the Lipschitz pairs thus constructed are unital. 

Notation 2.7. If is a Hilbert space and T : Jff —> is a linear map, then the 

operator norm of T is denoted by 111T111. 

Example 2.8 ([16]). Let 2t be a C*-algebra, n a faithful ^-representation of 21 on some 
Hilbert space and D a self-adjoint, possibly unbounded operator on Jff such 
that: 

(1) 1 -|- has a compact inverse, 

(2) the “^-subalgebra: 

{fl G 21: the closure of [D, n{a)] is bounded} 

is dense in 21, 

(3) the set: 

{flG2t: |||[D,7r(fl)]||| <l}/ci^ 

is bounded. 
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For all fl e so (21), we define L(fl) = |||[D, 7r(fl)]|||. Then the pair (21, L) with 
L : e sa(2t) i-)- || [D, 7r(fl)]|| is a Lipschitz pair. Indeed, if L{a) = 0 for some 
a E sa (21), then for all f £ R then L(ffl) =0^1, and by the third condition on our 
triple (21, D), we must conclude that a £ IRlgi. 

A triple (21, D) satisfying the two first conditions above is called an un¬ 
bounded Fredholm module or a spectral triple [16,17]. When constructed from a 
spectral triple, the Monge-Kantorovich metric mkL is at times called the Cormes' 
metric. For the purpose of noncommutative metric geometry, the condition that D 
must have compact resolvant has yet to find a role; however this notion is essential 
for the development of noncommutative differential geometry [17]. 

In [16], an example of such a structure is given by a compact cormected Rie- 
marmian spin manifold M, with the Flilbert space of square integrable sections 
of the spin bundle of M associated to the cotangent bundle, and D the Dirac op¬ 
erator of M. The Monge-Kantorovich metric associated with the Lipschitz pair 
(C(M), L) obtained by the above construction, letting C(M) act by multiplication 
on is shown to extend the distance function on M induced by the Riemarmian 
metric [16, Proposition 1]. 

Another example in [16] is given by 21 being the reduced C’^-algebra of some 
discrete group G, while tt is the left regular representation on ^^(G), and D is the 
multiplication operator on i^{G) by a length function on G. A length function 
£ : G —t [0, 00 ) is a map such that, for all g,g' £ G: 

(1) i{g) =0 if and only if g is the unit of G, 

(2) £(yy')^^(g) + ^(^'). 

(3) £{g-^) = iig). 

Now, the next step in the evolution of Definition (2.5) was the introduction by 
Rieffel [70] of the concept of a quantum compact metric space, allowing for more 
general choices of seminorms in Lipschitz pairs. An example of central importance 
to our work, and which is found in the foundational paper [70], is as follows: 

Example 2.9 ([70]). Let a be a strongly continuous action of a compact group G by 
^-automorphisms on a unital C’^-algebra 21. For any continuous length function £ 
on G, we may define for all a £ sa (21): 

L(fl) = sup I -—^ : y £ G, g not the unit of g| . 

In [70], Rieffel proves that (21, L) is a Lipschitz pair if and only if: 

{a £ sa (21) : Vg £ G a^(fl) = a} = Rla- 

An action for which the fixed point C*-subalgebra is thus reduced to the scalars is 
called an ergodic action. As we shall see later, Rieffel showed that in fact, ergodicity 
implies additional properties on the Lipschitz pair (21, L). 

A very important special case of this construction is given by the quantum tori 
21 on which the tori acts via the dual action. 

We note that a length function £ on G allows one to define a left-invariant dis¬ 
tance on G by setting d : g,g' £ G i—> £(g~^gO/ arid conversely given a left- 
invariant distance on G, the distance £ from any element of G to the unit of G is 
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a length function. When G is a compact metrizable group, there always exist a 
continuous left invariant metric, and thus a continuous length function. 

It should be noted that Example (2.9) is not given as a Lipschitz pair from a 
specfral friple, fhough in [70], a relafed mefric from fhe nafural specfral friple on 
fhe quanfum fori is also consfrucfed. Moreover, for quanfum fori, fhe consfrucfion 
of Example (2.8) involving fhe lengfh funcfion may be applied as well, leading fo 
inferesfing Lipschifz pairs over fhe quanfum fori as well [65]. 

Now, fhe type of objecfs found in fhe earlier work of Rieffel [70, 71,84] on com- 
pacf quanfum mefric spaces was a bif more general fhan unifal Lipschifz pairs. 
Indeed, Rieffel worked wifh pairs (21, L) of an order-unif space 2t fogefher wifh a 
seminorm L on 21. Of course, order-unif spaces are subspaces of fhe self-adjoinf 
parf of C*-algebras [4], buf in general, fhey do nof have fo be complefe or closed 
under fhe Jordan or fhe Lie producf — in ofher words, fhe mulfiplicafive sfrucfure 
is nof playing a role. In sighf of our Definifion (2.5), one may nafurally conclude 
fhaf fhe mulfiplicafive sfrucfure is nof essenfial in fhe definifion of quanfum mef¬ 
ric spaces. We will refum fo fhis maffer in fhis documenf. We shall however 
emphasize fhaf for our work, the proper setting is indeed given by the Lipschitz pairs, 
as we specifically focus on studying noncommutative analogues of the Gromov-Hausdorff 
distance which are well-suited to zuorking with C*-algebras. 

Anofher example of a Lipschifz pair is given by fhe specfral friples consfrucfed 
in [20] on fhe quanfum groups SUq{2): Aguilar, one of our PhD sfudenf, showed 
fhaf such specfral friples give rise fo Lipschifz pairs [1]. Anofher specfral friple 
on SUq{2) which gives rise fo a Lipschifz pair is given in [15]; in addifion, several 
examples of Lipshifz pairs on quanfum groups and associafed spaces can be found 
in [9, 59]. 

Our inferesf in fhe developmenf of a fheory of quanfum locally compact mefric 
spaces, rafher led us fo fhe formulafion of our Definifion (2.5) in [47], as fhe fhird 
sfep in fhe evolufion of fhe noncommufafive nof ion of Monge-Kanforovich mefric. 
In fhis seffing, an imporfanf example which we employed in our work is given by 
anofher specfral friple, albeif in fhe non-unifal seffing. 

Example 2.10 ([31]). A specfral friple on fhe C*-algebra of compacf operafors on a 
separable Hilberf space, seen as fhe Moyal plane, is consfrucfed in [31]. We refer 
fo [29, 14, 33, 34, 31] for defailed exposifions on fhe Moyal plane as a noncommu¬ 
fafive geomefric objecf. 

Eix 0 > 0. The Moyal plane OJlg is informally fhe quanfum phase space of 
fhe quanfum harmonic oscillafor. If is a sfricf quanfizafion of fhe usual plane 
toward fhe canonical Poisson brackef on Co(R^), re-scaled by a "Plank consfanf" 
9. The C*-algebra of confinuous observables on fhe Moyal plane is fhe C*-algebra 
iXftg = C*(R^, (Tg) where: 

O': (P2/<?2) e R^ X r2 I — ^ exp{2in9{piq2 - P20i)) 

is a bicharacfer on R^. This C^-algebra is easily seen fo be ’‘'-isomorphic fo fhe 
C’‘-algebra h of compacf operafors on L^(R). However, we follow here fhe sfan- 
dard presenfafion of fhe Moyal plane, which uses a fwisfed producf (rafher fhan 
a fwisfed convolufion) obfained by conjugafing fhe fwisfed convolufion by fhe 
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Fourier transform. This formulation provides a representation of C* (R^, u) on 
which then serves as the basis for the construction of a Lipschitz pair. 

Let S be the space of C-valued Schwartz functions on R^. For any f,g(^S we 
define: 

(2.3) f*g:xeR^^-^ll f{x + y)g{x + z)cr{y,z)dydz. 

{tz6) 


The pair {S, -k) is an associative ’‘'-algebra, and is a ’‘-algebra which we denote by 
Sg if one takes complex conjugation as the ’‘-operation. The integral defines a trace 
on Sg. 


Let Tz be the representation / G Sg i— > [g g (R^) i— t / * g] — one checks this 
is a well-defined ’‘-representation and can be extended to dJlg. For any nonzero 
vector u G R^, we write ^ for the directional derivative along ii, seen as as 
unbounded operator of L^(R^). Denote by 3 the partial derivative 




(3(1,0) ^3(0,1)) 

Then we define the following operators on L^(R^) ig> C^: 


VceDJtg n(c) 


f^(c) 0 \ 

V 0 7r(c)y 


and D = -.V2(" . 


Then by [31] (Sg, IT, D) is a candidate for a spectral triple for the Moyal plane 
9110. In particular, FI is a ’‘-representation of DJlg on L^(R^) (g) C^, and the set {a G 
sa(iS 0 ) : |||[TI(fl),D]||| < oo} = sa is norm dense in 9110. Moreover, since FI is 
faithful, one checks that for all a G Sg, if [Fl(fl), D] = 0 then a = 0 [31]. 

We thus obtain a Lipschitz pair (9110, L 0 ) where: 

(2.4) L0:cg 50^ |||[D,n(c)]|||. 


The metric properties of the Moyal plane for this particular spectral triple have 
been studied in particular in [14, 61,87]. 


We were led in [47] to the observation that Lipschitz pairs are not quite suf¬ 
ficient to define the notion of a quantum locally compact metric space: another 
ingredient will be required. Nonetheless, having a Lipschitz pair at least allows 
for the definition of a Monge-Kantorovich metric on such examples as the Moyal 
planes, and provides all we need to study the bounded-Lipschitz distances. 

As indicated in the introduction to this section, however, the behavior of the 
Monge-Kantorovich metric for non-unital Lipschitz pairs is a complicated issue 
— already made clear in the case of commutative, non-unital Lipschitz pairs. In 
our earlier work on this particular challenge [46], we generalized another metric 
on spaces of probability to the noncommutative setting: the bounded-Lipschitz 
distance, whose origin seems to go back at least to Fortet and Mourier [30]. 

For our purpose, the noncommutative definition reads as follows: 


Definition 2.11 ([46], Definition 2.3). The Bounded-Lipschitz distance h\\_ y associated 
with a Lipschitz pair (2t, L) and some r G (0, 00 ) is defined, for any two states 
(p,^p e .5^(2t),by: 

bli_r(<f/i/’) = sup {If (fl) - ip{a)\ : fl G sa (2t), L(fl) ^ 1, \\a\\^ ^ r} . 
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The real number r is called a cut-off of biL 

It is easy to check that, for any two r,t > 0, the bounded-Lipschitz distances bl l ^ 
and biL f are (bi-Lipschitz) equivalent [46, Proposition 2.10]. In the classical picture 
given by Example (2.6), the bounded-Lipschitz distance with cut-off r > 0, asso¬ 
ciated to a proper metric space (X, d) restricts to min{d, r} on the pure states. On 
the other hand, when working with finite diameter spaces, the bounded-Lipschitz 
distance agrees with the Monge-Kantorovich metric, for the cut-off at least as large 
as the diameter: 

Proposition 2.12. Let (2t, L) be a Lipschitz pair such that diam (.5^(21), mk|_) < oo. If 
r ^ diam (J^(2t), mki_) then b\\_ y = mk|_. 

Proof Let us fix ip € .5^(21). If a £ 21 with L(fl) ^ 1 and cp G .5^(21) then: 


\cp{a) — f{a)\ < mk[_{cp, f) ^ diam (J^(2t), mk|_) < r. 


Thus \\a — xp{a)l^\\^ ^ r. 

We note that for all t G IR and a G dom(L): 

L(a -k flat) ^ L(fl) -|- |f|L(l 2 i) = L(fl) ^ L{a -\- flat) + \ — f|L(lai) = L(a -k flat)/ 
so L(fl) = L{a -k fla)- 

We now simply observe that for all (p,r] (z .5^(21): 

= sup {|<p(fl) — rj{a)\ : a e sa (21), L(fl) ^1} 

= sup{|<p(fl- !/;(fl)lat) - h{a - : a G sa(2t), L(fl) < 1} 

= sup{|<p(fl- !/;(a)lat) - pia - f{a)l^)\ : a G sa(2t), L(fl - f{a)l^) ^ 1} 


r a e sa (2t) 

sup \<p{a- i/i(fl)lat) - r]{a - L{a - !/'(a)lat) < 1 



^ blL,,((p,)7). 

Our proof is completed by noting that biL^ mkL for all r > 0 by definition. □ 


The main question which we now wish to investigate concerns the topology 
induced by the Monge-Kantorovich metric and the bounded-Lipschitz metrics on 
the state spaces of C^-algebras. The characterization of unital Lipschitz pairs for 
which the Monge-Kantorovich metric induces the weak* topology is the subject of 
[70,71], and is the foundation of the theory of compact quantum metric spaces. Lor 
any Lipschitz pair, the question of when the bounded-Lipschitz distance metrizes 
the weak* topology is the subject of our work in [46], which started the study of 
quantum locally compact metric spaces. We then continued this study with our 
work in [47] for the Monge-Kantorovich metric of non-unital Lipschitz pair. The 
non-unital problem raises quite a few many interesting challenges, and of course 
generalize the earlier work of Rieffel, at least within the context of C*-algebras. 
These matters are addressed in the next few sections. 

Prior to presenting our work on the topological properties of the metrics asso¬ 
ciated with a Lipschitz pair, however, we discuss two important desirable proper¬ 
ties of the classical Lipschitz seminorms which play a central role in our work with 
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noncommutative analogues of the Gromov-Hausdorff distance. The first property 
is lower-semicontinuity, which makes the notion of morphisms between Lipschitz 
pairs easier to work with. The second property is the Leibniz property. 

2.2.2. Morphisms of Lipschitz pairs. There is a natural notion of morphism between 
Lipschitz pairs, thus defining a category of Lipschitz pairs. The most relevant as¬ 
pect of this discussion is the notion of isometry between quantum compact metric 
spaces. We will see that lower semicontinuity of L in a Lipschitz pair (21, L) is a 
property tightly connected to the notion of morphisms for Lipschitz pairs. 

A proper ^-morphism between two C*-algebras is a ’‘'-morphism which maps 
approximate units to approximate units. In particular, it is unital if its domain is 
unital. 

A natural notion of a proper Lipschitz map between quantum compact metric 
spaces is given by: 

Definition 2.13. Let (2t, Lg;) and (*8, L®) be two Lipschitz pairs. A proper *- 
morphism ti : 21 —t *8 is k-Lipschitz for some A: ^ 0 if the dual map: 

cp e M'{^) I—)• cpo Tz e .5^(21) 

is fc-Lipschitz from (.5^(25), mk|_^) to (.5^(21), mk|_gj). 

A proper ’‘-morphism tt : 21 —t 25 is called Lipschitz when it is fc-Lipschitz for 
some fc ^ 0. 

It is simple to check that taking as objects the Lipschitz pairs, and taking as 
morphisms proper Lipschitz ’‘-morphisms defines a category. The isomorphism in 
this category would be given by bi-Lipschitz ’‘-isomorphisms. 

However, as with the category of metric spaces, we will also wish to work with 
a stronger t 5 rpe of morphisms: isometries. 

McShane's Theorem [62] states that if X is a nonempty subset of a metric space 
(Z, d) and if / : X —t R is a function with Lipschitz seminorm fc S [0, oo) then 
there exists a function y : Z —t R whose restriction to X is / and with Lipschitz 
seminorm k. In other words, the Lipschitz seminorm on Co(X) is the quotient of 
the Lipschitz seminorm on Co(Z) when (Z, d) is locally compact. More generally, 
a map n : X ^ Z between locally compact metric spaces is an isometry if and only 
if the quotient of Lipschitz seminorm on Co(Z) by tt is the Lipschitz seminorm on 
Co(X)by/e Co(Z) h-f/ottG Co(X) — which is well-defined since isometries 
are always proper maps. 

Thus, we introduce: 

Definition 2.14 ([84]). Let (21, Lgi) and (®, Lig) be two Lipschitz pairs. A proper 
’‘-morphisms tt : 25 -» 2t is an isometric *-epimorphism from (25, L®) onto (2t, Lgi) 
when TT is a ’‘-epimorphism and for all fl G sa (21), we have: 

La(^) = inf {L>g(l7) : b e sa (25), Tz{b) = a} . 

If TT : 21 —t 25 is an isometric ’‘-epimorphism, where (21, Lgi) and (25, L®) are 
Lipschitz pairs, then cp G i—t cp o n is indeed an isometry [84, Proposition 

3.1]. Moreover, the composition of isometric ’‘-epimorphisms is again an isometric 
’‘-epimorphism [84, Proposition 3.7]. Thus, we have a subcategory of Lipschitz 
pairs, with morphisms given as isometries. 
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For this document, this subcategory will be our framework. 

Of cenfral imporfance fo us are isomefric ’^-isomorphisms: 

Definition 2.15 ([84]). Let (21, L^) and (^, 153 ) be two Lipschitz pairs. A "^-isomor¬ 
phism 71: 2 t —>■ $ is an isometric *-isomorphism when for all q),ip E 


mki^{(pon,ipon) = 


We pause for a remark abouf non-unifal Lipschifz pairs. In general, fhe nofion 
of morphisms between non-unifal C’^-algebras require some care: for insfance, if 
TT : X — t y is a continuous funcfions befween two locally compacf Hausdorff 
spaces X and Y, fhen given / G Co(y), we may only expecf fhaf f o n belongs fo 
fhe multiplier Cij(X) of Co(X), i.e. fhe C’*'-algebra of bounded continuous funcfions 
on X. Thus a common choice of definifion for a morphism from a C’*'-algebra 2t fo 
a C’^-algebra S is a "^-morphism from 21 to the multiplier C’^-algebra of 25. 

However, if n is acfually proper, fhen f e Co(y) Co(X)is acfually 

well-defined, and a proper "^-morphism. Conversely, a proper "^-morphism from 
Co(y) fo Co(X) is always of fhaf form. For our purpose, since fhe Monge-Kanfo- 
rovich mefric of a Lipschifz pair is defined on fhe sfafe space of 2t and nof ifs mul¬ 
tiplier algebra, we prefer fo limif ourselves fo working wifh proper "^-morphisms. 

In particular, we nofe fhaf a surjective isomefry befween mefric spaces is always 
proper, and a "^-isomorphism is always a proper "^-morphism, fhus for our key 
nofion, fhis choice is nof a source of concern. 

The sfafe space of a C’^-algebra is a rafher infricafe world [4], so if is desirable 
fo express nofions such as Lipschifz morphisms in ferms of fhe immediafe dafa 
provided by fhe Lipschifz pair. To fhis end, a nafural quesfion is: fo whaf degree 
is fhe Lip-norm of a quanfum compacf mefric space defermined by ifs associafed 
Monge-Kanforovich mefric ? 

Lef (2t, L) be a Lipschifz pair. We may define on sa (21) a new seminorm L' 
(possibly faking fhe value 00 ) by setting for all a E sa ( 21 ): 



While we always have L' ^ L, equalify does nof hold in general [71, Example 
3.5]. A particular observation is fhaf, for all pair (p,xp E .5^(21) of sfafes, fhe map 


<p{a)--ip(a) 


0 E 5ci (21) I —y 


is continuous. Thus, as fhe supremum of confinuous 


funcfions, L' is a lower semiconfinuous function over sa (21). Therefore, equalify 
befween L and L' may only occur if af leasf, L is lower semiconfinuous on sa (21). 
Rieffel showed in [71] fhaf fhis necessary condition is also sufficienf: 

Theorem 2.16 ([71], Theorem 4.1). Let (21, L) be a unital Lipschitz pair. The following 
assertions are equivalent: 

(1) for all a E sa (21) we have: 



(2) L is lower semicontinuous, 

(3) {a E sa (21) : L(fl) ^ 1} is closed in 21. 
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We note that [71, Theorem 4.1] is phrased for unital Lipschitz pairs, but its proof 
exfends unchanged fo general Lipschifz pairs. 

The equivalence between fhe second and fhird asserfion of Theorem (2.16) is 
rmmediafe since L is a seminorm — so if is posifively homogeneous. 

Anofher observation in [71, Proposition 4.4] is fhaf, given a Lipschifz seminorm 
(21, L) on a unifal C*-algebra 2t, one may always consfrucf a lower semiconfinuous 
seminorm on some dense subsef of sa (21) confaining fhe domain of L and such 
fhaf mkL = mkLc. Henceforfh we will work wifh lower semi-confinuous Lipschifz 
seminorms. 

Now, under fhe assumption of lower semiconfinuify for Lip-norms, if becomes 
possible fo express fhe notions of Lipschifz “^-morphisms and isomefric ’^-morph- 
isms in ferms of Lip-norms. 

Theorem 2.17. Let (21, L^) and (25, L®) be two quantum compact metric spaces with 
Lgt and Lig lower semicontinuous. 

(1) A proper *-morphism tt : 21 —F 25 is k-Lipschitz for some k ^ 0 if and only if for 
all a e sa (21) we have L® o n{a) ^ kL^{a) for all a G dom(L 2 t). 

(2) A *-isomorphism n is an isometric *-isomorphism if and only if 


L® o 7r(a) = L2i(a) 


for all a G dom(L 2 ;). 

All of fhe Lipschifz pairs obfained via Examples (2.8) and (2.9), provide lower 
semiconfinuous seminorms. 

We conclude wifh anofher imporfanf subflefy, exposed in [71]. Lef (21, L) be a 
Lipschifz pair. Then mkL induces a mefric on fhe pure sfates of 21. This mefric, in 
furn, can be used fo defined a new Lipschifz pair (21, L^) by setting: 



mki{cp,ip) 



sup 


The natural motivation behind the definition of L^, of course, is fhaf if 21 is Abelian, 
then Lg is the usual Lipschitz seminorm associated to the restriction of mkL to the 
GeTfand spectrum of 21. Now, as seen for insfance in [71, Example 7.1], we do nof 
have in general fhat L = L^. 

In general, Rieffel characferized Lipschifz seminorms in fhe classical picfure in 
[71, Theorem 8.1]. This characferizafion uses fhe underlying order on fhe self- 
adjoinf elemenfs, which is nof quife as well behaved a fool in fhe noncommufafive 
seffing as in fhe commufafive setting. It should be noted that even if (2t, L) satisfies 
all the properties we will enounce in Definition (2.44), and if 21 is Abelian, it is still 
not true in general that L is in fact the Lipschitz seminorm for fhe resfricfion of 
mkL to fhe GeTfand specfrum of 21. In essence, we will keep the properties of 
fhe Lipschifz seminorms from fhe classical picfure which we deem useful for our 
purpose, rafher fhan fry fo refain a characferizafion of fhese seminorms. 

Now, anofher properfy of Lipschifz seminorms is fhe Leibniz inequalify which 
cormecfs fhem wifh fhe underlying multiplication of funcfions. If is fhis properfy, 
rafher than any connection with the order of fhe self-adjoint part of C “^-algebras, 
which we will refain for our noncommufafive fheory. In some fundamental sense. 
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since two C*-algebras may be Jordan isomorphic without being "^-isomorphic, it 
is more natural to connect the multiplicative structure and the quantum metric 
structure, rather than the order structure. 

2.2.3. The Leibniz property. The Lipschitz seminorm Lip defined by a metric space 
(X, d) via Expression (2.1) possesses a natural property with respect to the multi¬ 
plicative structure of Co(X), namely: 

Lip(/g) ^ Lip(/)||g||c(,(x) + ll/llco(x)Lip(^) 

for all /,y e Co(X). This inequalify is known as fhe Leibniz properly — fhough 
we will use fhis ferm in a slighfly more general confexf. 

This property does not play any known role in the topological properties of fhe 
Monge-Kanforovich mefric: fhe characferizations of Lipschifz pairs for which fhe 
Monge-Kantorovich mefric, or fhe bounded-Lipschitz mefrics, induces fhe weak"^ 
topology, do nof depend on fhe Leibniz properly. Thus, fhe Leibniz properly 
was nof a parf of fhe original work of Rieffel, or our own earlier work [46, 47], 
and in parficular, nof a parf of Definition (2.3). However, as research in non- 
commufafive mefric geomefry progressed, fhe need for a properly of fhe Leibniz 
fype became evidenf. One reason is fo allow for compulations in work related 
to convergence of modules under Gromov-Hausdorff convergence [76, 78, 77, 83]. 
Anofher reason is fo address fhe coincidence properly for noncommufafive ana¬ 
logues of fhe Gromov-Hausdorff disfance, which was one of our key confribufion 
[54, 52, 48, 50]. Remarkably, requiring fhe Leibniz properly properly defined, for 
Lipschifz pairs, raises some difficulties. The main source of fhese difficulties is fhaf 
fhe quofienf of a Leibniz semrnorm may nof be Leibniz [10]. Yef, central notions, 
such as isometric ^-epimorphisms, rely on the notion of quotient of seminorms. 

Our own research [53] led us fo allow for more general forms of fhe Leibniz 
properly Thus, one will be able fo choose a specific varianf of fhe Leibniz identify 
adapfed fo whatever one's purpose mighf be, and fhen use fhe appropriafe form of 
fhe dual Gromov-Hausdorff propinquify. We shall see examples of fhis approach 
in our section on compacfness for fhe dual Gromov-Hausdorff propinquify and 
our section on conformal deformations. 

The tirsf generalization of fhe Leibniz property for our use occurred in [54]: 
since fhe seminorms of Lipschifz pairs are only defined on some dense subsefs 
of fhe self-adjoinf parf of G*-algebras, and since fhe producf of two self-adjornf 
elemenfs is generally nof self-adjoinf, we replaced fhe producf by fhe Jordan and 
the Lie product. As a second step in a subsequent work [53], motivated by our 
compactness theorem for fhe dual Gromov-Hausdorff propinquify, we adapfed 
the notion of an F-Leibniz seminorm from Kerr [43] fo our Jordan-Lie selling. 

Our currenf formulation of fhe Leibniz properly for Lipschifz pairs is fhus given 
as follows. 

Definition 2.18 ([53], Definition 2.4). We endow [0, oo]^ with the following order: 

Vx = (X 1 ,X 2 ,X 3 ,X 4 ), 1 / = (i/i,1 /2,1/3/!/4) 

X ^ y (V; e {1,...,4} 

A function F : [0, oo]^ —> [0, oo] is permissible when: 
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(1) f is non-decreasing from ([0, oo)^, to ([0, oo), ^), 

(2) for all X, y, lx, ly e [0, oo) we have: 

(2.5) xly+ylx^r{x,y,lx,ly). 

Notation 2.19. Let 21 be a C’^-algebra and a, li e 21. The Jordan product of a, b 
is denofed by a o b, while the Lie product of a, b is denofed by {a, b}. For any 
a,b e sa (21) we have aob, {a, b} e sa (21) so thaf sa (21) is a Jordan-Lie subalgebra 
of 21. 

Definition 2.20 ([53], Definition 2.5). Let F be a permissible function. A F-quasi- 
Leibniz pair (21, L) is a Lipschitz pair such that: 

(1) the domain dom(L) of L is a dense Jordan-Lie subalgebra of sa (2t), 

(2) for all a, b e dom(L), we have: 

L (a o b) ^ F{\\ay, \\b\\^, L(a), L(b)) 

and 

L({a,b}) ^ F(||a|| 2 i, ||fo||a/!-(«)/1-(^’)). 

Definition 2.21 ([54], Definition 2.15). A Leibniz pair (21, L) is a Lipschitz pair such 
that: 

(1) the domain dom(L) of L is a Jordan-Lie subalgebra of sa (21), 

(2) for all a, b S dom(L), we have: 

L (a o b) < ||a||aL(b) -h L(a)||b|| 2 t 

and 

L({a,b}) ^ ||a|| 2 iL(b)-h L(a)||b|| 2 i. 

Remark 2.22. A Leibniz pair is a F-quasi Leibniz pair for F : x,y, lx, ly G [0, oo) i —f 
xly + ylx. 

Remark 2.23. Informally, Definition (2.18) includes the condition that, given a Leib¬ 
niz pair, the upper bound for the seminorm of a Jordan or Lie producf is no worse 
fhan fhe bound given by fhe Leibniz inequalify. The reason for fhis requiremenf 
will become apparent when we discuss the notion of composifion of furmels for 
fhe exfent-based consfruction of fhe dual Gromov-Hausdorff propinquify in the 
next chapter. 

It is common, albeit not necessary, that Leibniz seminorms S are defined on 
some dense “^-subalgebra of a C’*'-algebra and safisfy: 

S(ab) ^ ||a|| 2 iS(b) -FS(a)||b|| 2 i 

for all a, b in the domain of S; indeed if a seminorm satisfies fhese properties then 
its restriction to the self-adjoint space is Leibniz in our sense [54, Proposition 2.17]. 

We note that Examples (2.6), (2.8), (2.9), and (2.10), all provide Leibniz pairs. 
Examples of quasi-Leibniz pairs will occur for finite dimensional approximations 
of a large class of Leibniz quanfum compacf metric spaces in [53]. There are some 
surprising sources of Leibniz pairs. 
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Example 2.24 (Standard Deviation, [81]). Let 2t be a C*-algebra, p e J^(2t). The 
standard deviation of a e sa (2t) under the law p is computed as: 

stddev^,(fl) = ^ p{a*a) — \p{a)\^. 

Notably, if n be fhe GNS represenfafion of 2t from p on fhe Hilberf space L^(2t, p) 
obfained by completing 21 for fhe norm associafed fo fhe irmer producf a, b G 2t i—t 
fhen sfddev^,(fl) = ||7r(fl) — F(fl)l||L2(a,;;) for all n G sa(2t). 

For non-self-adjoinf elemenfs, we propose fo exfend fhe definition of fhe sfan- 
dard deviation as such: if a G 21 fhen: 

sfddev(fl) = max{||fl - F(fl)|| 1 . 2 ( 21 ,;,)' P* “ F(«*)IIl 2(2I,„)}- 
Rieffel proved in [81, Theorem 3.5] fhat for all a,b £ sa (21) we have: 
stddeVfi{ab) ^ ||fl||2istddev;,(b) + stddev;i(fl)||b||2i. 

In particular, if p is faifhful, then (2t, stddev;,) is a Leibniz pair. 

In [81, Theorem 3.7], it is shown that stddev;, is in fact strong Leibniz. 

Another example of a Leibniz seminorm arises from an infriguing consfruc- 
fion, fhough if does nof provide a Leibniz pair in general — we include if as if is 
nonefheless inferesfing: 

Example 2.25 (Quofienfs norms, [79]). Lef 2t be a C’^-algebra and 23 a C*-subalgebra 
of 21 which confains an approximafe unif for 21. For all a G 2t we define: 

L(fl) = inf{||fl - b|| 2 i : b G 23}. 

Then Rieffel showed in [79] fhaf for all a, b G 2t we have L(flb) ^ ||fl|| 2 tL(b) + 
||b|| 2 iL(fl). Of course, (2t, L) is nof a Lipschifz pair unless ® = CI 21 , buf we do 
obfain a Leibniz seminorm — in facf, a sfrong Leibniz seminorm. 

Anofher source of quasi-Leibniz seminorms is given by fwisfed differential cal¬ 
culi. 

Example 2.26. Lef 2t be a C’^-algebra and lef Q be a 2t-2t bimodule. Lef cr : 21 —t 
2t be a continuous morphism of norm v af leasf 1 — fhough nof necessarily a *- 
morphism, so fhe norm of a is may be sfricfly larger fhan 1. Lef 18 be a dense 
’‘■-subalgebra of 21. Lef d : 18 —t Q be a linear map such fhaf for all a, b G B: 

d{ab) = da-b + a{a)db, 

while ker d = Cl 21 . 

Lasf, lef II ■ II n be a bimodule norm on Q: namely for all a, b G 2t and a; G O we 
have ||aa;b||n ^ ||a|| 2 i||ai||n||b|| 2 i. 

If L : a G 18 I—)• ||da||n then (2t, L) is a f-quasi-Leibniz Lipschitz pair where: 

F : a,b, 4 G [0, 00 ) valf, -|- b4. 

The construction in Example (2.26) is actually underlying a lot of our previous 
examples. For insfance, if (X, d) is a compacf mefric space, and if we lef fl = 
Cb(X X X \ A) where A = {(j,x) : j G X}, fhen O is a C(X)-C(X)-bimodule via 
fhe acfions: 


/ ■ y) = fP)gP> y) and g ■ f{x, y) = g{x, y)f{y) 
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for all / £ C(X), g & Cl and {x,y) £ \ A. Moreover, the uniform norm || ■ ||n is 

a bimodule norm on H. Last, we may set for all / £ C(X) and (x, y) £ X^ \ A: 


df{x,y) 


d{x,y) 


Then (C(X),n, d) is a first order differential calculus and, moreover, if Lip is the 
Lipschitz seminorm associated with d defined by Expression (2.1) then Lip(/) = 
||d/||nforall/£C(X). 

Similarly, if (21, D) is a spectral triple over a unital C*-algebra 21, then the 
C^-algebra of bounded linear operators on ^ is an 21-21 bimodule, and d : a £ 
21 H-F [D, n{a)] defines a derivation, so that again, the Lipschitz pair constructed in 
Example (2.8) becomes a special case of the construction in Example (2.26). 

Allowing for a twist in Example (2.26) permits us to adapt our setting to twisted 
spectral triples via a similar construction [19, 69]. We will briefly investigate the 
special case of conformal deformations later on in this document. 

We conclude this section with the following simple observation, which justifies 
that we may as well work with lower semicontinuous Leibniz pairs: 


Proposition 2.27 ([53], Lemma 3.1). If (21, L) is a Lipschitz pair and L is F-quasi- 
Leibniz for some continuous permissible function F, and if L' is the closure of L, then 
(21, L') is also F-quasi-Leibniz. 

Proof. By definition, L' is the Minkowsky functional for the convex © where © = 
{a £ sa(2t) : L(fl) ^ 1}. We now use [53, Lemma 3.1]. Note that the necessary 
condition of [53, Lemma 3.1] does not require that the convex is closed, hence since 
L is F-quasi-Leibniz: 

aob,{a,b} £ F(||fl|| 2 i, ||fo||®, 1,1)©, 


for all a,b G sa (21) with L{a), L{b) ^ 1. Now, since F is continuous, we conclude 
that if fl, t) £ © then: 


aob,{a,b} £ F(||fl|| 2 i, Ill’ll®, 1,1)6. 
We can apply [53, Lemma 3.1] again to conclude. 


□ 


We thus have presented many examples of quasi-Leibniz pairs. We now study 
the topological properties of the associated metrics on the state space. The first 
such study is due to Rieffel [70]. We also point out the interesting work of Pavlovic 
[67]. Both these initial studies were carried out in the case of unital Lipschitz pairs. 

Our own research begun with the study of the bounded-Lipschitz metrics, mo¬ 
tivated by the challenge of working with non-unital Lipschitz pairs. We thus begin 
with our study of bounded-Lipschitz metrics and explore what is the fundamen¬ 
tal property we shall require of Lipschitz pairs to be considered quantum metric 
spaces. 


2.3. Bounded-Lipschitz Metrics. 
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2.3.1. Metrizing the weak* topology. The bounded-Lipschitz metric associated with 
a Lipschitz pair (2t, L) is, indeed, a metric, and it is easy to check that it always 
endow the state space .5^ (21) with a finer topology than the weak”^ topology and a 
coarser topology than the norm topology. 

There are several reasons why the weak* topology is, indeed, the topology 
which one desires the bounded-Lipschitz distance to metrize. To begin with, the 
classical model suggests that the a core property of Lipschifz seminorms is pre¬ 
cisely fhaf fhe associafed bounded-Lipschifz disfances are mefrics for fhe weak* 
fopology on Borel regular probabilify measure. The imporfance of fhe weak* 
fopology in fhis confexf need liffle adverfisemenf: if is of course fhe proper no- 
fion for convergence in law, a cenfral concepf of probabilify fheory illusfrafed for 
example by ifs role in fhe cenfral limif fheorems. 

In fhe case of unifal Lipschifz pairs, if is also quife nafural fo desire fhaf fhe sfafe 
space be compacf for fhe fopology given by fhe bounded-Lipschifz disfance. Since 
fhe fopology of a mefric is Hausdorff, and since fhe bounded-Lipschifz fopology 
is finer fhan fhe weak* fopology, fhis desirable feafure implies fhaf fhe bounded- 
Lipschifz mefric musf mefrize fhe weak* fopology. 

Moreover, fhe resfricfion of fhe weak* fopology on fhe pure sfafe space is fhe 
fopology chosen for fhe GeTfand specfrum of Abelian C*-algebras. Thus, when 
working in noncommufafive geomefry one could consider fhaf fhe requiremenf 
for fhe bounded-Lipschifz mefric fo mefrize fhe weak* fopology af leasf on fhe 
pure sfafe space is a nafural leffover from fhe classical picfure. If is buf a small sfep 
fo fhen consider fhaf fhe bounded-Lipschifz disfance should mefrize fhe weak* 
fopology of fhe enfire sfafe space. 

Lasf, fhere is a nafural physical mofivafion fo work wifh fhe weak* fopology on 
fhe sfafe space: if is, affer all, fhe fopology of poinfwise convergence for sfafes; as 
such if is physically nafural. Indeed, one obfain a base of neighborhoods for fhis 
fopology by, physically speaking, faking all sfafes which agree, wifhin some given 
error e > 0, on some finite sef of observables. 

Mofivafed by all fhese considerafions, our purpose is fhus fo defermine when 
fhe bounded-Lipschifz disfance mefrizes fhe weak* fopology resfricfed fo fhe sfafe 
space. 

A rafher pleasanf picfure emerged from our sfudy in [46]: 

Theorem 2.28 ([46], Theorem 4.1). Let (21, L) be a Lipschitz pair where 21 is separable. 
The bounded-Lipschitz distance on the state space {%), as per Definition (2.11), is given 
for any two cp,^p E =5^(21), by: 

bli_ i(q 2 ,i/i) = sup {|q 2 (fl) - i/7(fl)| : a e sa (21), L(fl) < 1, ||fl|| 2 i ^ 1} . 

The following assertions are equivalent: 

(1) the bounded-Lipschitz distance bl|_ ^ metrizes the restriction of the weak* topology 
10 . 5 ^( 21 ), 

(2) there exists a completely positive element h E sa (2t) such that the set: 

{hah : a E sa (21), L(fl) ^ 1, ||fl||a ^ 1} 


is precompact for || ■ Ha, 
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(3) for all completely positive h & sa (21), the set: 

{hah : a e sa (21), L(fl) ^ 1, ||fl|| 2 i ^ 1} 
is precompact for || ■ Ha- 

We note that since all the bounded-Lipschitz metrics associated to a Lipschitz 
pair, for various cut-off values, are equivalenf. Theorem (2.28) applies fo any such 
mefrics as well. 

By Proposifion (2.12), if (2t, L) is a Lipschifz pair such fhaf diam (2t), mkL) < 
00 , then the Monge-Kantorovich metric mkL some bounded-Lipschitz distance 
agree. Thus, there is no ambiguity in which of fhe various nafural mefrics associ- 
afed wifh (2t, L) fo choose when working in fhis confexf, and fhis led us fo define: 

Definition 2.29 ([46]). A Lipschitz pair (2t, L) is a bounded quantum locally compact 
metric space when: 

(1) diam (.5^(21), mkL) < °o, 

(2) the bounded-Lipschitz metric biLi defined by (21, L) mefrizes fhe weak* 
topology on ^5^(21). 

The imporfanf special case of unifal Lipschifz pairs will be discussed in fhe 
section on fhe Monge-Kanforovich mefric lafer in fhis documenf, where we will 
see several examples. We include here fhree simple non-unifal examples. 

Example 2.30. If (X, d) be a bounded, locally compacf mefric space. The Leibniz 
pair (C(X), Lip) of Example (2.6), where Lip is fhe Lipschifz seminorm associafed 
wifh d, is a bounded quanfum locally compacf mefric space. 

Example 2.31 ([47], Section 4). The pair (^^(IR^), Lg) of fhe Moyal plane wifh fhe 
seminorm Lg consfrucfed in Example (2.10) satisfies fhe h 5 rpofhesis of Theorem 
(2.28), alfhough ifs diamefer for fhe Monge-Kanforovich mefric is nof finife. 

Example 2.32 ([46], Proposifion 4.4). If (X,) is a locally compacf mefric space and A 
is an algebra of compacf operafors, fhen C(X, .h) = C(X) ig) h, endowed wifh fhe 
seminorm: 



satisfies fhe assumption of Theorem (2.28). If (X, d) is bounded, fhen (C(X, h.), L) 
is a bounded quanfum locally compacf mefric space. 

This example may be adjusfed fo show fhaf, for insfance, many f 5 q)e I C*- 
crossed-producfs can be made info quanfum locally compacf mefric spaces — 
however, fhis parficular choice of a mefric sfrucfure is somewhaf ad-hoc. 

The proof of Theorem (2.28) relies on an inferesfing new topology defined on 
C*-algebras, which we infroduced in [46]. Nofable among ifs properfies is fhaf fhis 
topology is weaker, and offen sfricfly so, fhan fhe sfricf fopology, while sfronger 
fhan fhe weak fopology, and usually sfricfly so. Definitions of unbounded Pred- 
holm modules and specfral friples in fhe non-unifal setting offen involve condi¬ 
tions which borrow from fhe consfrucfion of fhe sfricf fopology; our own work 
challenges fhis idea by proposing a new fopology which emerged from mefric 
considerations. We shall presenf fhis fopology in our nexf secfion. 
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There has been quite a few applications of our work on bounded-Lipschifz dis- 
fances in fhe liferafure. Indeed, unfil our own work on fhe Monge-Kanforovich 
mefric for non-unifal Lipschifz pairs, fhe work in [46] was fhe only source fo work 
with non-compact, quantum compact metric spaces. Thus, our work played a role, 
for insfance, in mafhemafical physics [14, 28, 87,42, 38]. 

Anofher infriguing application can be found in fhe work of Bellissard, Marcolli 
and Reihani [8], where our work on bounded-Lipschifz mefrics is fhe corner stone 
for fhe consfrucfion of mefrics on C*-crossed-producfs. The idea of [8] is fhaf, for 
actions on quanfum mefric spaces which are nof quasi-isomefric, one should re¬ 
place fhe original quanfum space by a noncommufafive analogue of fhe mefric 
bundle, in fhe spirif of Cormes and Moscovici's work, where fhe proper liff of 
fhe action will become isomefric. This bundle is noncompacf in general, hence 
fhe need fo work wifh non-unifal Lipschifz pairs — and invoke our resulfs de¬ 
scribed in fhis section. A follow-up of [8] using our bounded-Lipschifz mefric can 
be found in [66]. 

2.3.2. The weakly uniform topology on C*-algebras. Theorem (2.28) expresses fhaf fhe 
bounded-Lipschifz mefric disfance for a Lipschifz pair (21, L) mefrizes fhe weak”^ 
topology on fhe sfate space =5^(21) if and only if fhe unif ball for max{|| ■ Hgi, L} is to¬ 
tally bounded for some fopology, which, as if fums ouf, is mefrizable on bounded 
subsefs of 21. We now presenf fhis fopology in greater defail and some conse¬ 
quences of ifs sfudy, following [46]. 

We shall need fhe following nofafion: 

Notation 2.33. Let 21 be a C^-algebra. The class of all weak* compacf subsefs of 
.5^(21) is denoted by (21)). 

Definition 2.34 ([46], Definition 2.5). The weakly uniform topology wu on a C*- 
algebra 21 is the locally convex topology generated by the family of seminorms 
{PK)KeJr{y{^)y where for all K e J(r (J^ (21)): 

Vfl e 21 Pi<c(fl) = sup{|<p(fl)| : cp e K}. 

The weakly uniform fopology compares fo fhe usual topologies on C*-algebras: 

Theorem 2.35 ([46], Lemma 3.2, Proposition 3.3). IfQLisa separable C*-algebra, then 
for all bounded IB C 21, the weakly uniform topology restricted to IB is coarser than the 
strict topology restricted to 25 and finer than the weak topology restricted to IB. 

if 21 is unital, the weakly uniform topology agrees with the norm topology (since ^{Qi) 
is then weak* compact). 

In particular, the weakly uniform topology is Hausdorff. 

We pause to mention that while we introduced the weakly uniform fopology 
wu for fhe sfudy of fhe fopological properfies of fhe bounded-Lipschifz mefric for 
Lipschifz pairs, wu ifself is defined for any C*-algebra regardless of any Lipschifz 
seminorm. We will see fhat fhe sifuafion is somewhat similar for fhe sfudy of fhe 
Monge-Kanforovich mefric. 

Now, by means of fhe Arzela-Ascoli Theorem and Kadisson funcfional repre- 
senfafion Theorem [39], we were able fo show in [46] fhaf: 
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Theorem 2.36 ([46], Theorem 2.6). Let (21, L) be a separable Lipschitz pair. The follow¬ 
ing assertions are equivalent: 

(1) the bounded-Lipschitz distance bln metrizes the weak* topology restricted to 
^(21), 

(2) the set: 

{a e sa (21) : L(fl) ^ 1, ||fl|| 2 i ^ 1} 
is totally bounded in the weakly uniform topology. 

Theorem (2.36) contains the important observation that our topology is indeed 
the proper one to consider in the study of the metric properties of fhe bounded- 
Lipschifz disfance; yef fhe weakly uniform topology, as defined, would seem dif- 
ficulf fo use, and fhus Theorem (2.36) may seem hard to apply. The next main 
step of [46], which in facf occupies mosf of fhaf paper, is fo sfudy fhe mefrizabil- 
ify property of fhe weakly uniform fopology on bounded subsefs of 21. We fhus 
obfain: 

Theorem 2.37 ([46], Theorem 3.17). Let ^be a separable C*-algebra and 03 C 21 fee a 
bounded subset ofi^. The weakly uniform topology on 21 restricted to 03 is metrizable, and 
moreover, for any strictly positive element h & sa (21), a metric is given by: 

a,b I—5- \\h{b — a)h\\^. 

Now, puffing fhe mefrizabilify properfy of fhe weakly uniform fopology in The¬ 
orem (2.37) wifh fhe characferizafion of bounded quanfum locally compacf quan¬ 
tum metric spaces given by Theorem (2.36), we obtain our Theorem (2.28). 

In particular, if 2t is unifal, fhen Igi € sa (21) is a sfricfly posifive elemenf of 
21 and fhus we recover fhaf fhe norm fopology and fhe weakly uniform fopology 
agree on bounded subsefs of 21 (of course, we observe from the definition that 
these two topologies agree on all of 21). In general, we note (since fhe square of a 
sfricfly posifive element is strictly positive): 

Corollary 2.38 ([46], Proposition 3.22). If is a separable C*-algebra and there exists a 
strictly positive central element h E sa (21) then the strict topology of ill and the weakly 
uniform topology of^ agree on bounded subsets of ill. 

In particular, for Abelian C “^-algebras, fhe weakly uniform fopology and fhe 
sfricf fopology agree on bounded subsefs. 

There are however examples which show fhaf fhe weakly uniform fopology is 
af fimes sfricfly coarser fhan fhe sfricf fopology, even on bounded subsef: 

Example 2.39. The sfricf fopology is sfricfly finer fhan fhe weakly uniform fopology 
on fhe unif ball of fhe C*-algebra JiT of compacf operafors on a separable, infinite 
dimensional Hilbert space JlT. Indeed, let (fn)ne]N be a Hilbert basis for M" and 
for all u e IN, lef be fhe projecfion on C^„. Then h = EneiN jsWPh ^ sfricfly 
posifive elemenf in 

Lef tn = (■, ^o)fn for all n e IN, where (■, ■) is fhe inner producf on Jtf. Then 
\\tn\\,je' = 1 arid ||f„+i — fn||^ = for all n e IN. Moreover, htnh = Thus 

{htnh)new converges fo 0 in norm. On fhe ofher hand, tn = 2tnh for all n G IN 
and fhus (fnf*)neiN does nof converge, i.e. (fn)ng]N does nof converge for the strict 
topology. 
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Thus, the weakly uniform topology was hidden because in both the Abelian 
world and the compact world, it agrees with two of the standard topologies of C”^- 
algebras. Our work suggests, however, that the weakly uniform topology is more 
natural to consider in the study of metric properties of noncompact noncommuta- 
tive geometries, in addition to the strict topology. 

In fact, a natural question which arises from our work is to compare the strict 
topology and the weakly uniform topology by giving a state-space description of 
the strict topology. We proposed such a description in [46]. 

We begin by introducing another topology on C’^-algebras: 

Definition 2.40 ([46], Definition 3.19). The strongly uniform topology on a C*-algebra 
21 is the locally convex topology generated by the family of seminorms 

where for all ft e (21)): 

Vfl e 2t i?K(fl) = sup I ^(p{a*a), ^cp{aa*) : cp e . 

We then have our state-space description of the strict topology in terms of the 
strongly uniform topology: 

Theorem 2.41 ([46], Theorem 3.21). Let %he a separable C*-algehra and 03 C 2t fee a 
bounded subset of 21. The strongly uniform topology on 21 restricted to 03 is metrizable, 
and moreover, for any strictly positive element h & sa (2t), a metric is given by: 

a,b e 03 I— max{\\h{b - a)\\^,\\{b - a)h\\^}. 

In particular, the strongly uniform topology and the strict topology agree on bounded 
subsets o/21. 

When quantum metric spaces are not, in a natural marmer, of bounded diame¬ 
ter, it is natural to wonder what can be said of the behavior of the Monge-Kantoro- 
vich metric. This matter will occupy most of our next section. We however begin 
this next section with the compact case, which was understood by Rieffel in [70] 
and to which Theorem (2.28) applies as well. 

2.4. The Monge-Kantorovich Distance. 

2.4.1. Quantum Compact Metric Spaces. The notion of a quantum compact metric 
space is the foundation of noncommutative metric geometry, with its origins in 
[16] and its formalization in [70, 71]. For our purpose, we shall focus on the C”^- 
algebraic theory. However, it should be noted that RieffeTs definition and frame¬ 
work [70, 71, 84] is more general, and involves order-unit spaces in place of C*- 
algebras. 

As we discussed in the section on the bounded-Lipschitz distance, the core 
property of Lipschitz seminorms which we keep in the noncommutative world 
is that the associated Monge-Kantorovich metric metrizes the weak* topology on 
the state space. Thus, Rieffel proposed [70]: 
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Definition 2.42 ([70]). A quantum compact metric space (21, L) is a unital Lipschitz 
pair whose Monge-Kantorovich metric: 

G .5^(21) I—>■ mk\_{cp,ip) = sup {\(p{a) — ip{a)\ : a e sa (2t), L(fl) ^ 1} 

metrizes the weak* topology restricted to the state space .5^(21) of 21. 

When a Lipschitz pair (21, L) is a quantum compact metric space, the seminorm 
L is referred fo as a Lip-norm. 

In [70], Rieffel characferized Lip-norms in ferm of fhe fofal-boundedness of fheir 
unif ball modulo scalars. Rieffel proposed several formulafion of fhis fheorem lafer 
on [71, 65]. The following summarizes his characferizafion of Lip-norms: 

Theorem 2.43 ([70], Theorem 1.9, and [71, 65]). Let (21, L) be a Lipschitz pair. The 
following assertions are equivalent: 

(1) (21, L) is a quantum compact metric space, 

(2) the set: 

{a : a e sa (21), L{a) ^ 1} 

is norm precompact in (21) ^, where a G sa (21) i— F a is the canonical 

surjection from so (21) onto (so (21) ), 


(3) 

there exists a state p G (21) such that 

the set: 




{a G sa (21) : 

L(fl) ^ 

l,p{a) 

= 0} 


is norm 

precompact in 21, 




(4) 

for all states p G oS^(21), the set: 






{a G sa (21) : 

L(fl) ^ 

l,p{a) 

= 0} 


is norm 

precompact in 21, 




(5) 

the set: 







{a G sa (21) : 

L(fl) < 

1/1 fl|ha 

<1} 


is norm precompact in 21 and diam (.5^(21), mk|_) < oo. 


Now, as discussed in Proposifion (2.12), fhe bounded-Lipschifz disfances and 
the Monge-Kantorovich metric agree when the state space has finite diameter for 
the Monge-Kantorovich metric. Thus Theorem (2.28) implies the equivalence be¬ 
tween (1) and (5) in Theorem (2.43). The other equivalences can then be recovered 
fairly quickly. Consequently, our work on the bounded-Lipschitz distance did ex¬ 
tend the work of Rieffel from fhe unifal fo fhe general case of Lipschifz pairs. 

Definition (2.42) does not require that Lip-norms be lower semi-continuous and 
quasi-Leibniz. These two additional assumptions, as we have discussed, are useful 
fo our work (we nofe fhat lower semi-confinuify is a convenience while fhe quasi- 
Leibniz properfy will prove crucial). We can now define fhe objecfs which will be 
of cenfral interesf fo us: 

Definition 2.44 ([54, 53]). Let F be an permissible function from [0, oo)^ —f [0, oo) 
(see Definition (2.18)). A unifal Lipschifz pair (21, L) is an F-quasi-Leibniz quantum 
compact metric space when: 

(1) (21, L) is a compacf quantum metric space, 

(2) L is lower semicontinuous. 
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(3) (21, L) is an F-quasi-Leibniz pair. 

In particular: 

Definition 2.45 ([54]). A unital Lipschitz pair (2t, L) is a Leibniz quantum compact 
metric space when it is a Leibniz pair and L is a lower semicontinuous Lip-norm. 

Remark 2.46. Now, when (2t, L) is a quantum compact metric space, then Assertion 
(3) of Theorem (2.16) is equivalent to {a e sa (2t) : L(fl) ^ 1} is compact in norm 
in sa (21), since it is a totally bounded and closed subset of 2t, which is complefe. 

We nofe fhaf ofher resfricfions may be puf on Lip-norms, besides lower semi- 
confinuify or fhe Leibniz properly Rieffel infroduced compacf C’^-mefric spaces in 
[77], for insfance, which are quanfum compacf mefric spaces wifh Lip-norms satis¬ 
fying fhe so-called sfrong Leibniz properly As we will see, many such additional 
properties can be incorporafed in our consfrucfion of fhe dual Gromov-Hausdorff 
propinquify, which was builf wifh fhis flexibilify in mind. Compacf C^-mefric 
spaces are, in parficular, Leibniz quanfum compacf mefric spaces. 

We now show fhat many of fhe unital Lipschitz pairs which we discussed in 
our first section are, in fact, Leibniz quantum compact metric spaces. It is notable 
that proving a Lipschitz pair is a quantum compact metric space is, typically, hard. 

We begin with the original example from Rieffel in [70], which shows fhaf all 
Lipschifz pairs in Example (2.9) are indeed quanfum compacf mefric spaces. 

Theorem 2.47 ([70], Theorem 2.3). Let Gbea compact group ivith unit e and endowed 
with a continuous length function £, and let %be a unital C*-algehra equipped with a 
strongly continuous action a of G by *-automorphisms. For all a E sa (2t) ive define: 



The following assertions are equivalent: 

(1) (2t, L) is a Leibniz quantum compact metric space, 
{2) (2t, L) is a Lipschitz pair, 

(3) a is ergodic, i.e.: 


{a e 21: Vg e G a^(a) = a) = IRlgi- 


Thus, Example (2.9) provide a good source of quanfum compacf mefric spaces. 
In parficular, Noncommufafive fori and noncommufafive solenoids [55] fhus pro¬ 
vide examples of quanfum compacf mefric spaces using Theorem (2.47) for fhe 
dual actions of, respectively, fhe fori and fhe producf of two solenoid groups. 

Specfral friples provide a source of Lipschifz pairs, yef one has fo prove fhaf a 
given specfral friple gives rise fo a quanfum compacf mefric space case by case. 
Of course, Lipschifz pairs consfrucfed from specfral friples are always Leibniz. 
Moreover, Rieffel showed in [71, Proposition 3.7] fhaf specfral friples give Leibniz 
pairs wifh lower semicontinuous seminorms. The difficulfy of course, is fo show 
fhaf fhe associafed Monge-Kanforovich mefric mefrizes fhe weak* topology, using 
Theorem (2.43). 

Ozawa and Rieffel proves fhaf one of fhe firsf examples (2.8) of a Lipschifz pair 
from [16] from H 5 rperbolic groups was indeed a quanfum compacf mefric space in 


[ 65 ]: 
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Theorem 2.48 ([65], Theorem 1.2). Let G be a hyperbolic group and I be the length 
function associated to some finite generating set of G. Let 21 be the reduced C*-algebra of 
G, TL the left regular representation of G on f'{G), and D be the multiplication operator 
by I on f-{G). lfwesetL{a) = ||| [D, 7r(fl)]|||/or a/Z a e sa(2l) (accepting that L takes 
the value oo), then (21, L) is an Leibniz quantum compact metric space. 

Another example of a Dirac operator from length functions on groups, for the 
quantum tori, is given by Rieffel in [72], and preceded the previous result on Hy¬ 
perbolic group C*-algebras. 

Theorem 2.49 ([72], Theorem 0.1). Let I be a length function on which is either the 
word-length function for some finite set of generators ofU^, or which is the restriction of 
some norm on IR"^. Let a be a skeiv bicharacter ofh'^. Let n be the left regular represen¬ 
tation of C* {1 j‘^, a) on £^(Z'^) and D be the operator ofpointivise multiplication by I on 

If for all a E C* (fL^, a), we set: 

L{a) = |||[D,7r(fl)]||| 

then (C*(Z‘^), L) is an Leibniz quantum compact metric space. 

Other examples of spectral triples giving quantum compact metric spaces can 
be found in [56], where Connes-Landi spheres are shown to be compact quantum 
metric spaces for their natural spectral triples. In a different direction, quantum 
Heisenberg manifolds are proven to be quantum compact metric spaces by H. Li 
in [60]. 

Yet another example is given by AF algebras. In the work of Antonescu and 
Christensen, the following construction is proposed: 

Theorem 2.50 ([5], Theorem 2.1). ] Let ill be a unital AF C*-algebra, and write 21 = 
UneM within a finite dimensional C*-algebrafor all n G IN. Let cp G .5^(21) be faithful 
and denote by n the GNS faithful representation of 21 the Hilbert space 3^ obtained by 
completing^for the inner product {a,b) G 2t i— >■ {a,b) = cp{b*a). 

Thus 2tn can be seen as a Hilbert subspace of ,3^ (since 21^ is finite dimensional hence 
closed in ,3^). Let Qn be the projection onto 2l„+i D 21//or all n G IN. 

There exists a sequence (fl:H)ng]N of real numbers such that, if we set: 

D = XnQn 
new 

and L : fl G sa (21) i—> ||| [D, 7r(fl)]|||, then (21, L) is an Leibniz quantum compact metric 
space. 

With K. Aguilar, the author actually proposes a different construction for Lip- 
norms on AF-algebras with a faitful fractal state: 

Notation 2.51. Let I = (21,,, an)new be an inductive sequence with limit 21 = 
lin^I. We denote the canonical ’‘'-morphisms 21^ —t 21 by ^ for all n G IN. 

Theorem 2.52 ([2]). Let 21 be an AF algebra endowed with a faithful tracial state y. Let 
= (21n,an)new be an inductive sequence of finite dimensional C*-algebras with C*- 
inductive limit 21, with 21o = C and where ocn is unital and injective for all n G IN. 

Let Tz be the GNS representation of ill constructed from y on the space 1^(21, y). 
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For all n e M, let: 


E 


: 21^21 


be the unique conditional expectation of% onto the canonical image (2l„) o/2l„ in 21, 
and such that p o E ^(21,,)^ = p. 

Let /5: ]N —>■ (0, oo) have limit 0 at infinity. If, for all a E sa (2t), we set: 

(a ^(2l„ 


=sup 


a — E 


21 . 


f{n) 


n G 


then ^21, Lj is a 2-quasi-Leibniz quantum compact metric space. 

The advantage of the quantum metrics presented in Theorem (2.52) is that they 
recover the usual ultrametrics on Cantor sets and moreover, they allow to con¬ 
struct natural continuous surjections from the Baire space to UHF algebras [32] 
and Effros-Shen AF algebras [27]. Moreover, AF algebras equipped with such a 
Tip-norm are limits of the finite dimensional algebras of the chosen inductive se¬ 
quence, for the propinquity. We refer the reader to [2] for these results. 


Other examples of quantum compact metric spaces can be found in the litera¬ 
ture dealing with quantum groups, in particular in [9, 59]. 

Now, we turn to the question of how to define a quantum locally compact met¬ 
ric space, based upon a similar intuition as for quantum compact metric spaces. 
Bounded-Fipschitz distances offer one avenue for exploring such a notion, though 
it requires us to work with infinitely many metrics as soon as the state space does 
not have a finite diameter for the Monge-Kantorovich metric. It is natural to ask 
what can be said about the Monge-Kantorovich metric for general Fipschitz pairs. 
This became the subject of our own research, presented in the next subsection. 

2.4.2. Quantum locally compact metric spaces. The Monge-Kantorovich metric asso¬ 
ciated to a general Fipschitz pair is not quite as well behaved as for unital Fipschitz 
pairs: 

(1) the Monge-Kantorovich metric is in fact, an extended metric in general, i.e. 
it may take the value oo (see Example (2.6)), 

(2) the topology generated by the Monge-Kantorovich metric is usually not 
the weak* topology, even when restricted to closed balls: for instance, 
denoting the Dirac probability measure at x G E, by (5x, the sequence 

weak* converge to 3o yet mki_ (^<5o, = 

1, where L is the Fipschitz seminorm from the usual metric on E, 

(3) the weak* topology, on the other hand, is neither compact nor even locally 
compact on the state space of non-unital C*-algebras. 

We thus must revise our approach to quantum metric spaces if we wish to ex¬ 
tend our theory to noncompact, quantum locally compact metric spaces. If at least 
to satisfy a natural curiosity, we are thus led to the question of what property the 
Monge-Kantorovich metric possesses in general which may be meaningful in the 
noncommutative context. 
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The difficulties with the Monge-Kantorovich metric arise because of the prob¬ 
lem of escape to infinity. A method to control the behavior of set of probability 
measures at infinity is suggested by a useful characterization of weak”^ compact 
sets of probability measures. Indeed, a set of probability measures over some 
locally compact Hausdorff space X is weak* precompact if and only if it is uni¬ 
formly tight, i.e. when for any e > 0, there exists a compact subset X of X such 
that: 

sup : fr e < e. 

This notion is of course topological, not metric, yet the behavior of the Monge-Kan¬ 
torovich metric is also controlled by a form of tightness, albeit one which must 
involve explicitly the metric of the underlying space. Dobrushin [24] made this 
crucial observation: 

Theorem 2.53 (Dobrushin, [24]). Let {X,d)bea locally compact metric space, and let L 
be the Lipschitz seminorm associated with d. If ^ is a subset of the state space {Cq{X)) 
such that, for xq e X; 

(2.6) lim sup < / d(x,xo) du(x) : u e y\ = 0 

r^co ^ {JxeXA{x,Xo)>r j 

then the topology induced on .5^ foy mk|_ is the weak* topology restricted to y. 

The condition expressed by Equation (2.6) will be labeled Dobrushin tightness. 
This condition does not depend on the choice of the base point named Xq in Equa¬ 
tion (2.6) thanks to the triangle inequality. Eor proper metric spaces, Dobrushrn's 
tightness is a strengthening of the notion of uniform tightness. Eor more gen¬ 
eral metric spaces, Dobrushin's tightness may be quite unrelated to tightness — 
for instance, every subset of a finite diameter locally compact metric space is Do¬ 
brushin's tight, though they are not always tight. Related to this observation, we 
note that our work [46] on the bounded Lipschitz distances already addressed the 
notion of finite diameter quantum locally compact metric spaces without any re¬ 
course to some notion of Dobrushin tightness. 

We took up in [47] the challenge to use Dobrushin's Theorem (2.53) as the basis 
for a theory of quantum locally compact metric spaces. 

There are several difficulties to overcome for this program. To begin with, Do¬ 
brushin's Theorem (2.53) invokes the distance function itself, or rather the distance 
from a given point function. Unfortunately, even in the classical case, for metric 
spaces of infinite radius, such a function does not lie in the C*-algebra of continu¬ 
ous functions vanishing at infinity — not even the C*-algebra of bounded contin¬ 
uous functions. In fact, the basic structure of quantum metric spaces is given by 
a generalized Lipschitz seminorm, and its associated Monge-Kantorovich metric: 
we have no candidate for the function distance even in the compact case. To be 
even more specific, if (21, L) is a unital Lipschitz pair, then for any fixed q> & dX' (21), 
the map ip e .5^(21) h-f is weak* continuous and convex, but not affine 

in general — hence it does not correspond, via Kadisson functional calculus, to 
any element in sa (21). 

The second difficulty for our program is that Dobrushin's tightness involves a 
notion of taking the limit at infinity, which is encoded by taking integrals on the 
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complement of closed balls — it thus relies on a notion of locality and its dual no¬ 
tion of being, so to speak, far away. Of course, one may argue that the fundamental 
difference between the commutative and noncommutative world is precisely that 
locality becomes ill-defined in the noncommutative world. In fact, studies on the 
question of limits at infinity within general C*-algebras [3] reveals that such no¬ 
tions are not canonical. 

Motivated by all these observations, our idea in [47] is to introduce a mean to 
define limits at infinity within C^-algebras, accepting that this mean is an addi¬ 
tional choice in our definition of quantum metric spaces. A natural approach is 
to choose a set of commuting "observables", for which the notions of locally and 
going to infinity are well-defined. We thus introduced in [47]: 

Definition 2.54 ([47], Definition 2.15). A topography on a C’^-algebra 21 is an Abelian 
C^-subalgebra SHI of 2t containing an approximate identity for 21. A topographic 
quantum space (2t, ®1) is an ordered pair of a C*-algebra 2t and a topography SHI on 
21 . 


Our terminology is inspired by the notion of a topographic map. For separable 
C*-algebras, we shall see that a natural choice of topography for our purpose is 
of the form C*{h) with h a strictly positive element, which one may regard as 
an "altitude" function, whose "level sets" will play a central role in our work. 
The requirement that a topography on a C “^-algebra 2t contains an approximate 
unit for 21 is desired to make sense of the notion of going to oo in 21, and not just 
in the topography. It should be noted that in practice, a natural mean to define 
topography is via Abelian approximate units, and the Abelian C^-algebras they 
generate (see [47, Lemma 2.20]). 

Topographies are commutative C’^-algebras, so we take advantage of GeTfand 
duality; we will thus use the following notation: 

Notation 2.55. Let (21, SHI) be a topographic quantum space. The GeTfand spec¬ 
trum of the Abelian G*-algebra SHI is denoted by SHl‘^. Moreover, the set of all 
compact subsets of is denoted by 1C (SHI) and is ordered by reverse inclusion 
As such {1C (911),;^) is a directed set. 

Notation 2.56. We regard 2t** as the universal enveloping Von Neumarm algebra 
of 2t (see [68]). Let (21,911) be a topographic quantum space. If X G /C (M) then we 
denote by xx the projection in 21** defined as the indicator function of K in 991. 

We also note that every state ^ on 21 trivially extends to a state on 21**, which 
will denote as cp. 

A first application of the notion of a topographic quantum space is that we may 
define a notion of (uniformly) tight set of states, in analogy with the classical case: 

Definition 2.57 ([47], Definition 2.21). Let (2t, 991) be a topographic quantum space. 
A subset 5^ oi 5^ (21) is tight when: 

^Jin^)Sup{|<p(l-^jc)| :cpeS^} = 0. 

Tightness characterizes weak* precompact sets of states of a topographic quan¬ 
tum space, as desired: 
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Theorem 2.58 ([47], Theorem 2.22). Let (21,3Jl) be a topographic quantum space. The 
weak* closure of a subset ^ ofS^{^) is weak* compact if, and only if ^ is tight. 

An important structure provided by a topography on a C*-algebra is the local 
state space, consisting of the states which are indeed locally supported in the sense 
of fhe fopography. These sfafes will play an imporfanf role in our work. 

Definition 2.59 ([47], Definition 2.23). Let (21,591) be a topographic quantum space. 
A state (p e .5^(21) is local when there exists fC G /C (971) such that (p{xk) = 1- The 
set of all local sfafes of (21,9Jt), denofed by .5^(21|1H), is called fhe local state space 
of (2t,lH). 

We nofe fhaf [47, Proposition 2.24] shows fhaf fhe local sfafe space is norm dense 
in the state space of a fopographic quanfum space. 

Our insighf foward a fheory of a quantum locally compact metric spaces was to 
propose an extension to the notion of a Lipschifz pair which includes a topogra¬ 
phy: 

Definition 2.60 ([47], Definition 2.27). A Lipschitz triple (2t, L, ®t) is a triple where 
(21, L) is a Lipschitz pair and M is a topography on 21. 

The notion of a Lipschifz friple did nof occur in fhe compacf or Abelian cases 
because fhere is a canonical fopography in each of fhese cases, and if occurred 
implicifly in fhe bounded quanfum compacf mefric spaces, fhough Theorem (2.28) 
is nof affecfed by which fopography is chosen — a sifuafion which differs greafly 
from fhe general picfure we now describe. 

Example 2.61 ([47]). If (21, L) is a unifal Lipschifz pair, fhen (21, L, Clgi) is a Lipschifz 
friple. 

Example 2.62 ([47]). If (21, L) is a Lipschifz pair wifh 21 Abelian, fhen (21, L, 21) is a 
Lipschitz triple. 

Example 2.63 ([47]). If (21, L) is a Lipschifz pair wifh 21 separable and 

diam (.5^(21), mki_) < oo, 

fhen (21, L, C*{h)) is a Lipschifz friple for any sfricfly positive li G sa (21). 

We will see fhaf in general, fhe fopography is an imporfanf parf of fhe fheory 
of quanfum locally compacf mefric spaces, and differenf choices of topographies 
lead fo differenf sifuafions (for insfance, given a Lipschifz pair (21, L), fhere may 
be a fopography DJI such fhat (21, L, 911) is a quanfum locally compacf mefric space, 
yef anofher topography 91 such that (2t, L, 91) is not a quantum locally compact 
metric space). 

We can now present the core notion of our theory of quantum locally compact 
metric spaces. Putting together the topography and the quantum metric struc¬ 
ture from a Lipschifz triple, we introduce in [47] an analogue to the notion of 
Dobrushin fightness. 
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Definition 2.64 ([47], Definition 2.28). Let (2t, L, 9fl) be a Lipschitz triple. A subset 
^ is tame when for some local sfafe ]i e y{Qi\DJl): 

lim sup {|(p {a — Xk<^Xk) | : f e =5^,« S sa (21), L(fl) ^ 1, }i[a) = 0} = 0. 
KeJC{dn) 

The difference between our nofion of a fame subsef of sfafes and fhe notion of 
Dobrushin's fighfness is fhaf fameness implies lightness: 

Theorem 2.65 ([47], Theorem 2.30). Let (21, L, 9Jt) be a Lipschitz triple. A tame subset 
ofS^{^) is tight. 

In general, a tame set of regular probability measures is Dobrushin tight, but 
the converse only holds for proper metric spaces. However, with our sights firmly 
fumed toward a generalized Gromov-Hausdorff topology for proper quantum 
metric spaces, and since all the bounded quantum locally compact metric spaces 
will fit our general framework as well (and are only proper when compact), this 
distinction seems to raise no difficulty. 

Now, an important source of tame sets of sets is given by the following example: 

Example 2.66 ([47], Proposition 2.29). Let (21, L, tOT) be a Lipschitz triple. Let K G 
K.{m). The set: 

ymK) = {cpey{^)-.cp{xK) = ^} 

is tame. 

While the notion of a tame set explicitly involves the quantum metric structure, 
we note that the tame sets given by Example (2.66) are "universally tame": they 
would be tame no matter what the seminorm L is (but for the same topography). 
Of course, not all tame sets are so nicely behaved. 

Example (2.66) is tightly related to the role of the local state space since y (2t|S[)l) = 

UjceiGpH) ^(2t|ait). 

Since tame sets of states are weak* precompact, if we ever wish the weak* topol¬ 
ogy to be metrized by the Monge-Kantorovich metric on tame sets, then tame sets 
must have finite diameter for the Monge-Kantorovich metric. We thus define: 

Definition 2.67 ([47], Definition 2.31). A Lipschitz triple (21, L, 9Jl) is regular when, 
for all Ke 1C {my. 

diam (o5^(21|K), mk|_) < oo. 

Regularity is a similar condition as the finiteness of the diameter of the state 
space for the Monge-Kantorovich metric in the original work of Rieffel on compact 
quantum metric spaces [70], as seen in Assertion (5) of Theorem (2.43) for instance. 
While regularity involves only tame sets of the form given in Example (2.66), it 
implies that all tame sets are bounded for the Monge-Kantorovich metric: 

Proposition 2.68 ([47], Proposition 2.36). Let (21, L, 911) be a regular Lipschitz triple. 
IfpC y{QL\Wl) and JtC is tame, then Jtf is contained in a closed ball of center pfor mki_. 

A nice consequence of regularity of Lipschitz triples is that testing if a set of 
states is tight can be done using any local state: 
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Theorem 2.69 ([47], Theorem 2.35). Let (21, L, ®l) be a regular Lipschitz triple. A 
subset y of y{%) is tame if and only if for every local state y E y{Qi\DJl) we have: 

K ~ \: (p E y,a e sa (2t),L(fl) ^ l,}i{a) = 0} = 0. 

Another consequence of — in fact, an equivalence with — regularity is: 

Proposition 2.70 ([47], Proposition 2.34). Let (2t, L, 9tt) be a Lipschitz triple and y E 
.5^(2t|®t). The following assertions are equivalent: 

(1) (2t, L, M) is regular, 

(2) for all K E K. (®t), there exists rj(zn(0, oo) such that for all a E sa(2t) with 
L(fl) ^ 1, we have: 

WXKaXKlh** ^ rK- 

By Proposition (2.70), for a regular Lipschitz triple (21, L, 9tl), the sets {a E 
so (21) : L(fl) ^ 1, y{a) = 0} for some local state y and any K E 1C (IH), is bounded 
for a certain locally convex topology. We shall see this topology and these sets 
again in Theorem (2.73). 

We now have the necessary ingredients to give the main definition of our work 
[47]. 

Definition 2.71 ([47], Definition 3.1). A Lipschitz triple (21,1,591) is a quantum 
locally compact metric space when the associated Monge-Kantorovich metric mki_ 
metrizes the weak* topology restricted to any tame subset of y (2t). 

Remarkably, the topography of a quantum locally compact metric space carries 
a natural metric structure: 

Theorem 2.72 ([47], Theorem 3.2). Let (21, L, 911) be a quantum locally compact metric 
space. Let 911'^ be the GeVfand spectrum ofWt. For any two states p, co of'iXfl, we set: 

d(ai,p) = inf {mki_((p,!/i) : (p,xp E ^(21), [(pj® = co, [ip]<xn = p} 

where [-[ot is meant for the restriction to 911. 

Then d is an extended metric on y(fOl), such that for all K E 1C (911), the topology 
induced by d on o5^(911|X) is the weak* topology. Moreover, (911'^, d) is a locally compact 
metric space whose topology agrees with the weak* topology on 911‘^. 


The key result in [47] is our characterization of quantum locally compact met¬ 
ric spaces in terms of the Lipschitz triple data, in the spirit of our work on the 
bounded-Lipschitz distance [46]: 

Theorem 2.73 ([47], Theorem 3.10). Let (2t, L, 911) be a Lipschitz triple. The follozving 
assertions are equivalent: 

(1) (21, L, 911) is a quantum locally compact metric space, 

(2) for all s,t E DJt compactly supported and for all local state y of% the set: 

{sat : a E sa (u21), L(fl) ^ 1, y{a) = 0} 
is precompact for || ■ Ha, 
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(3) for all s,t G DJI compactly supported and for some local state y ofDl, the set: 

{sat : a G sa (u2l), L(fl) ^ 1, }i{a) = 0} 
is precompact for || ■ Ha- 

When working with separable C*-algebras, we obtain a somewhat more practi¬ 
cal version of Theorem (2.73): 

Theorem 2.74 ([47], Theorem 3.11). Let (2t, L, DJI) be a Lipschitz triple. IfDl is separable, 
then the following assertions are equivalent: 

(1) (21, L, DJI) is a quantum locally compact metric space, 

(2) there exists a strictly positive h G so (OH) and a local state y ofDl such that the 
set: 

[hah : a G sa (u2l), L(fl) ^ 1, y{a) = 0} 
is precompact for || ■ Ha, 

(3) there exists a strictly positive h G sa (911) such that, for all local states y of% the 
set: 

[hah : a G sa (u2t), L(fl) ^ 1, y{a) = 0} 
is precompact for || ■ ||a- 

We may apply Theorem (2.73) to establish several interesting examples of quan¬ 
tum locally compact metric spaces. 

Example 2.75 ([47], Theorem 4.1). If (X, d) is a locally compacf mefric space and L 
is fhe Lipschifz seminorm associafed wifh d, as in Example (2.6), fhen: 

(Co(X),L,Co(X)) 

is a quanfum locally compacf mefric space. 

Example 2.76 ([47], Theorem 4.2). Lef (21, L) be a unifal Lipschifz pair. Then 911 C 21 
is a topography for 2t if and only if 911 is a unifal Abelian C*-subalgebra of 21, and 
moreover fhe following are equivalenf: 

(1) (2t, L) is a quanfum compacf mefric space, 

(2) (2t, L, Cla) is a quanfum locally compacf mefric space, 

(3) (2t, L, 911) is a quanfum locally compacf mefric space for some topography 
911 of 21, 

(4) (21, L, 911) is a quantum locally compact metric space for all fopographies 
911 of 2t. 

Thus, all quanfum compacf mefric spaces are indeed quanfum locally compacf 
mefric spaces. 

Example im ([47], Theorem 4.6). Lef (21, L) be a separable Lipschifz pair. Then 
(2t, L) is a bounded quanfum locally compacf mefric space if and only if, for some 
(and hence, for all) sfricfly positive elemenf h G sa (21): 

(1) fhe Lipschifz friple (21, L, C*{h)) is a quanfum locally compacf mefric space, 

(2) diam (.5^(21), mki_) < oo. 
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This statement is reassuring: it states that bounded quantum locally compact 
metric spaces are, well, bounded quantum locally compact metric spaces — with 
two distinct definitions of fhese words, alfhough [47, Theorem 4.6] sfafes fhaf fhese 
definifions agree affer all. 

Example 2.78 ([47], Theorem 4.9). The Moyal plane, as discussed in Example (2.10), 
is a quanfum locally compacf mefric space. 

We also nofe fhaf in [47, Secfion 4.4], we give anofher example of quanfum 
locally compacf mefric space consfrucfed over fhe algebra of compacf operafors, 
which show fhaf fhe choice of fopography maffers when working wifh infinife- 
diamefer quantum locally compact metric spaces. This contrasts with [47, Theo¬ 
rem 4.6] where all topographies will do when working with bounded — and in 
particular, compact — quantum locally compact metric space. 

Our strategy to prove Theorem (2.73) follows a similar pafh fo our work in 
[46], alfhough fhe fechniques are more involved. The key is fo infroduce a new 
topology on topographic quanfum spaces: 

Definition 2.79 ([47], Definition 3.5). Let (2t, 911) be a topographic quantum space. 
The topographic topology on 21 is the locally convex topology generated by the semi¬ 
norms: 

Ufc '■ a e sa(2t) i —sup {|(p(fl)| : cp e y{Ql\K)} 
for allXe /C(911). 

This fopology differs from fhe weakly uniform topology since if only involves 
seminorms associafed wifh cerfain fame sefs, rafher fhan all fhe fighf sefs. How¬ 
ever, on bounded sefs, fhese fwo fopologies agree: 

Proposition 2.80 ([47], Proposition 3.8). Let (21,911) be a topographic quantum space 
and *B C 2t fie fl bounded subset of%. The weakly uniform topology and the topographic 
topology agree on 93. 

Proposition (2.80) shows why, when working with the bounded-Lipschitz dis¬ 
tance, the weakly uniform fopology was used wifh no reference fo any fopography. 

The connection between the topographic topology and the Monge-Kantorovich 
metric is reminiscent of fhe relation between the weakly uniform fopology and fhe 
bounded-Lipschitz metric: 

Theorem 2.81 ([47], Theorem 3.9). Let (2t, L, 911) be a regular Lipschitz triple. The 
following assertions are equivalent: 

(1) (2t, L, 911) is a quantum locally compact metric space, 

(2) for all y G o5^(2t|911), the set: 

{a G sa (21) : L(fl) ^ 1, p{a) = 0} 

is totally bounded for the topographic topology, 

(3) for some p G =5^(2t|911), the set: 

{a G sa (21) : L(fl) ^ 1, p{a) = 0} 
is totally bounded for the topographic topology. 
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Now, additional effort can be applied to make Theorem (2.81) more amenable to 
applications, by stating conditions in terms of fhe basic ingredienfs of a Lipschifz 
friple, we proved Theorems (2.73) and (2.74). 

We now have defined notions of quanfum locally compacf mefric spaces, and 
we wish fo define an analogue of fhe Gromov-Hausdorff disfance on fhem. We 
will focus on our own consfrucfion of such an analogue in fhe resf of fhis docu¬ 
ment, starting with the compact framework. 

3. The Gromov-Hausdorff Propinquity 

As an informal motivation for our work and fhe infroducfion of fhe quan¬ 
fum dual Gromov-Hausdorff propinquity, we begin this section with the problem 
which stimulated much of our research. For all n G IN, lef us be given a complex 
numbers p„ such fhaf p” = 1, and lef us define fhe fwo n x n unifary mafrices: 
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By consfrucfion, UnVn = p„V„Un- Such pairs of mafrices appear in fhe liferafure 
in mafhemafical physics as well as quanfum information fheory, among ofhers. 
The G*-algebras C*(Lr,„14) are sometimes called fuzzy fori. Offen, a desirable 
oufcome of some compufafions carried ouf over fuzzy fori is fhaf one can obfain 
inferesfing resulfs when n goes fo infinify under fhe condition that the sequence 
(Pn)ne]N converges — examples of such sifuations are found in fhe mafhemafical 
physics liferafure, for insfance [18, 64, 85,63], fo cife buf a few. 

Informally, one would expecf fhaf fhe limif of fhe fuzzy fori C*(Un, 14) would 
be fhe universal G^-algebra C*{U,V) generafed by fwo unifaries U and V subjecf 
fo fhe relafion UV = pVU where p = lim„_j.oo Pn, i e. a quanfum torus. Yef, as 
quanfum fori are nof AF — for insfance, fheir Ki groups are nonfrivial — making 
sense of such a limifing process is challenging. 

Rieffel proposed [84] fo sfarf invesfigafing such problems by finding a non- 
commufafive analogue of fhe Gromov-Hausdorff disfance, based upon fhe mefric 
geomefry of fhe sfafe space provided by fhe sfrucfure of quanfum mefric spaces 
described in fhe previous secfion. RieffeTs quanfum Gromov-Hausdorff disfance 
[84] provides a firsf framework in which such a limif can be jusfified, and we 
proved fhat indeed, fuzzy fori converge fo fhe quanfum tori in our first paper 
[45]. However, RieffeTs disfance may be null between ’^-isomorphic G’^-algebras: 
in ofher words, if does nof capfure fhe G’^-algebraic sfrucfure fully. 

This relafive lack of connection between the G’*'-algebraic structure and the first 
noncommutative analogue of the Gromov-Hausdorff distance sparked quite a lot 
of research, in an effort to obtain at least the desired coincidence property that 
distance zero implies “^-isomorphism. Many papers were written using a first ap¬ 
proach to this problem [43, 56, 57, 44]: encapsulate additional C’*'-algebraic infor¬ 
mation directly in the construction of a quantum version of the Gromov-Hausdorff 
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distance. In other words, the quantum metric structure and the quantum topol¬ 
ogy are not cormected; instead the Gromov-Hausdorff analogue tries to include a 
measure on how both are close. 

However, recent research in noncommutative metric geometry has made ap¬ 
parent that the natural cormection between the quantum metric structure, pro¬ 
vided by Lip-norms, and the quantum topological structure, provided by the C*- 
algebras, is the Leibniz property (in some form), and that this cormection is a key 
tool if one wishes fo explore how C*-algebraic sfrucfures behave wifh respecf fo 
convergence — an imporfanf example of such a research projecf is Rieffel's work 
on convergence of modules [75, 76, 77, 79]. Yef, as seen in [43, 77], fhe consfruc- 
fion of a noncommufafive Gromov-Hausdorff disfance wifhin fhe realm of Leibniz 
quantum compact metric space proved challenging — for insfance, fhe proximify 
of Rieffel [77] is nof known fo satisfy fhe friangle inequalify. If is largely fhe fri- 
angle inequalify property of a prospective noncommufafive Gromov-Hausdorff 
disfance within the category of Leibniz quantum compact metric spaces which 
raises difficulties. 

We proposed in [54, 52, 48, 50, 49, 53] that a second route to create a noncom¬ 
mutative analogue of fhe Gromov-Hausdorff disfance adapfed to C’*'-algebras is to 
embrace the Leibniz property. We call our new metric the dual Gromov-Hausdorff 
propinquify. If has fhe desired coincidence properfy — ^-isomorphism is necessary 
for null disfance — and provides a framework where all objecfs under consider¬ 
ations are Leibniz quanfum compacf mefric spaces, or more generally F-quasi- 
Leibniz quanfum compacf mefric spaces for some a priori choice of a permissi¬ 
ble function F, i.e. a form of fhe Leibniz identify. Moreover, fhe dual Gromov- 
Hausdorff propinquify gives fhe same fopology as fhe Gromov-Hausdorff dis¬ 
fance when resfricfed fo fhe classical picfure, and is a complefe mefric. Thus, our 
effort answered the challenge of consfrucfing such a mefric, and addresses fhe co¬ 
incidence properfy by fying togefher fhe quanfum mefric sfrucfure and quanfum 
fopology. 

In facf, our consfrucfion may be applied fo various subcafegories of quasi-Leib¬ 
niz quantum compact metric spaces, allowing one to choose which properties of 
quanfum mefric spaces one may need. We refer fo fhe mefrics fhus obfained as 
specialization of fhe dual Gromov-Hausdorff propinquify. A parficularly relevanf 
such specializafion is fhe quanfum propinquify, which we infroduced in [54]. This 
mefric dominafes fhe more general dual Gromov-Hausdorff propinquify, and pro¬ 
vides a fool fo esfablish examples of convergence, such as fhe convergence of fuzzy 
fori fo fhe quanfum fori discussed in fhis infroducfion [52]. Nofably, fhis form of 
the dual Gromov-Hausdorff propinquify plays a role in Rieffel's research on mod¬ 
ule convergence [83], where, paired wifh ideas from Wu [90, 91, 92] on Lip-norms 
for operator spaces, it allows to study convergence of mafrix algebras over Leibniz 
quantum compact metric spaces. 

We begin our chapter with a brief overview of fhe Gromov-Hausdorff disfance, 
and fhen proceed fo describe our new family of mefrics. We fhen infroduce a spe¬ 
cial form which plays an imporfant role in currenf research, and was our original 
consfrucfion. We fhen discuss fhe convergence of fuzzy fori fo fhe quanfum fori. 
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and then discuss some notions of perturbations of fhe mefric on Leibniz quanfum 
compacf mefric spaces. 

We nofe fhat our section will focus on the dual Gromov-Hausdorff propinquity, 
and we refer readers fo fhe above menfioned references for an exposition on earlier 
proposals for noncommufafive analogues of fhe Gromov-Hausdorff disfance. In 
addition fo fhe original version in [84], we also refer fo fhe survey [75]. 

3.1. The Gromov-Hausdorff distance. The Gromov-Hausdorff disfance is a mef¬ 
ric between arbifrary compacf mefric spaces infroduced in [35] by Gromov in 
his sfudy of fhe problem of relating growfh of groups fo some of fheir sfrucfure. 
More specifically, Gromov proved fhat Cayley graphs of groups wifh pol 5 momial 
growths converge, in a proper sense, to certain manifolds, and was able fo infer 
from fhis convergence fhaf such groups are virtually nilpotent (i.e. contain a nilpo- 
tent subgroup of finife index). 

The original Gromov-Hausdorff disfance [35] was infroduced in fhe confexf of 
locally compacf mefric spaces. We will discuss a noncommufafive analogue of 
Gromov's consfrucfion for quanfum proper mefric spaces in a laffer chapfer. In 
this chapter, we shall focus on fhe resfricfion of fhe Gromov-Hausdorff disfance 
fo fhe class of compacf mefric spaces. Interesfingly for compacf mefric spaces, 
this metric was already presented by Edwards [26], motivated by Wheeler's su¬ 
perspace approach to quantum gravitation [89]. 

We begin our summary with the first notion of a mefric on compacf subsefs of 
a mefric space, due fo F. Hausdorff [37]: 

Definition 3.1 (p. 293, [37]). Let (X, d) be a metric space and let J^(X,d) be the 
set of all nonempfy compacf subsefs of (X,d). For any fwo A,B e ,;^(X, d), we 
sef: 

HauS(i(A, B) = max < supd(x, B),supd(x, A) > 

[xeA xeB ) 

where: 

d{x,C) = inf{d(x, y) : y e C} 
for all X e X and 0 7 ^ C C X. 

Theorem 3.2 ([37]). Let (X, d) be a metric space. Then Haus^ is a metric on the set of all 
nonempty compact subsets (X, d) of{X, d). Moreover, if (X, d) is complete, then so is 
(X), Hausd) and if{X,d) is compact, then so is (J^(X), Hausd). 

Gromov proposes an infrinsic form of fhe Hausdorff disfance, defined befween 
arbifrary compacf mefric spaces. By infrinsic, we mean fhaf Gromov's disfance 
does nof depend on a parficular ambient space in which the two metric spaces 
live. 

Definition 3.3 ([26, 35]). Let (X, dx) and (Y, dy) be two compact metric spaces. 
We define: 

GH((X,dx),(y,dy)) = 

inf{Hausd 2 (ix(X),/y(Y)) :3(Z,dz) 3/x : X-A Z,/y : Y-A Z 

lx, ly are isomefries info fhe compacf mefric space (Z,dz)} . 
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(Z,dz) 




(X,dx) 


(y,dy) 


Figure 1. Gromov-Hausdorff Isometric Embeddings 


Thus, the Gromov-Hausdorff disfance is fhe infimum of fhe Hausdorff disfance 
between fwo given compacf mefric spaces for all possible ambienf compacf mefric 
spaces, as in Figure (1). Gromov esfablished: 

Theorem 3.4 ([35]). The Gromov-Hausdorff distance GH is well-defined, and satisfies, 
for any compact metric spaces (X, dx), (Y,dy) and (Z,dz); 

(1) GH((X,dx), (y,dy)) ^ diam(X,dx)-Fdiam(Y,dy), 

(2) GH((X,dx), (Y, dy)) = 0 if and only if there exists an isometry from (X,dx) 
onto (Y,dy), 

(3) GH((X,dx),(Z,dz)) ^GH((X,dx),(Y,dy))+GH((Y,dy),(Z,dz)), 

(4) GH((X,dx), (Y,dy)) = GH((Y,dy), (X,dx)), 

(5) GH is complete. 

We nofe fhaf, while fhere is no sef of all possible mefric spaces confaining iso- 
mefric copies of fwo given compacf mefric spaces wifhin ZF, fhe definifion of 
fhe Gromov-Hausdorff disfance does nof raise any difficulfy wifhin fhis same ax¬ 
iomatic: indeed, for any sef E, and any predicafe P, fhe axiom of selection in ZF 
implies fhaf {x e E : P(x)} is a sef. Nofe fhaf consequenfly GH is indeed fhe 
infimum of a sef of real numbers, satisfying some predicafe. Moreover, fhis sef of 
real numbers is nof empfy — one may consfrucf an easy mefric wifh fhe desired 
properties on fhe disjoinf union X ]_J Y — and is bounded below by 0. Thus, GH is 
cerfainly well-defined. 

GH is a complefe disfance on fhe class of all compacf mefric spaces, up fo isom- 
efry. Nofe fhaf since every compacf mefric is separable, one may in facf consider 
fhe Gromov-Hausdorff disfance as a mefric over fhe sef consisting of all possible 
mefrics over IN wifh compacf completion. We will however nof need fhis descrip¬ 
tion. 

There is, moreover, a very nafural compactness criterion for classes of compacf 
mefric spaces for fhe Gromov-Hausdorff disfance [35, 36]. This resulf was key fo 
fhe original application of fhis mefric in group fheory. We will discuss fhis fheorem 
when presenting ifs analogue for fhe dual Gromov-Hausdorff propinquify. 

We refer fo Gromov's book [36] and Burago and al [13] for an exposition of 
properfies and applications of fhe Gromov-Hausdorff disfance in geomefry. Our 
purpose is fo generalize fhis mefric fo fhe realm of quasi-Leibniz quanfum com¬ 
pacf mefric spaces. 

3.2. The Dual Gromov-Hausdorff Propinquity. 

3.2.1. Tunnels. The dual of Figure (1), fhanks fo our discussion around Definifion 
(2.14), is given nafurally by Figure (2), and fhe following definifion: 
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Definition 3.5 ([48], Definition 3.1, [53], Definition 2.15). Let F be a permissible 
function, and let (21, Lgi) and (®, Lig) be two F-quasi-Leibniz quantum compact 
metric spaces. An F-tunnel t = (D, L^, TTgi, tt®) from (21, Lgi) fo (*8,1®) is a 
quadruple where: 

(1) (D, Lj)) is a F-quasi-Leibniz quantum compact metric space, 

(2) TTgi and tt® are isometric epimorphisms from (D, L^) onto, respectively, 
(2t,La)and(», L®). 

We call (21, Lgi) the domain dom(T) of t and we call (23, L®) the codomain codom(T) 
of T. 

Our original definition [48, Definition 3.1] was made in the context of Leibniz 
quantum compact metric spaces only. 

Remark 3.6. In his original construction, Rieffel [84] defined, for any two quantum 
compact metric spaces (21, Lgi) and (®, L®), an admissible Lip-norm L as a Lip-norm 
on 210 23 whose quotient to 21 and 23 are respectively given as and Lig, without 
any quasi-Leibniz condition. Thus (21 © 23, L, n^, tt® ), with TTgi : 21 © 23 ^ 21 and 
TT® : 21 © 23 —» 18 the canonical surjections, is a turmel when L is admissible and 
satisfy an appropriate Leibniz property. 

Rieffel defined a quantity associated with admissible Lip-norms, akin to our 
reach for turmels, defined below. The infimum of this quantity over all admissible 
Lip-norms for two given quantum compact metric spaces is the quantum Gromov- 
Hausdorff distance between these spaces [84]. As we mentioned, it may be null 
even if the underlying C’^-algebras are not ^-isomorphic. Moreover, admissible 
Lip-norms do not need to possess any relation with the multiplicative structure — 
in fact, RieffeTs theory is developed for order-unit spaces instead of C’^-algebras. 
Thus, distance zero leads to an isomorphism of order-unit space. 

If ones wishes to be able to carry out computations with the admissible Lip- 
norms which give a good estimate on the quantum Gromov-Hausdorff distance, 
then one may desire to impose that admissible Lip-norms be Leibniz, for instance 
[77]. However, doing so without modifying RieffeTs construction otherwise leads 
to an object called the proximity, which may not satisfy the triangle inequality. 
Thus our work in this section resolves this apparent trade-off. 





(21, La) (*8,La5) 


Figure 2. A turmel 

Notation 3.7. Let tt : 21 — t 23 be a unital ^-morphism. We denote by n* the 
restriction of the dual map of tt to (®), i.e. 

n* : cp e .5^(23) cpo n e .5^(21). 
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(^(2)),mkL^) 


(^( 2 l),mkLj (^($),mkL^) 

Figure 3. The dual of a tunnel 

As observed in our section of morphisms of Lipschitz pairs, if (53, L 55 , n, p) is a 
tunnel from (21, Lg;) to (25, L®), then n* and p* are isometries from, respectively, 
(^(21), mki_ 2 j) and {5^, mk\_^) into Thus we obtain Figure (3), 

which is naturally reminiscent of Figure (1). 

The construction of the dual Gromov-Hausdorff propinquity begins by associ¬ 
ating numerical values to a tunnel, meant to measure how far apart the domain 
and codomain of a tunnel are. 

The first such numerical value, introduced in [48], is a natural analogue of the 
Hausdorff distance between spaces embedded in a metric space, and is called the 
reach of the tunnel. 

Definition 3.8 ([48], Definition 3.4). Let F be a permissible function. Let (21, Lgi) 
and (25, L®) be two F-quasi-Leibniz quantum compact metric spaces, and let t = 
(2), L 35 , Tia, TT®) be an F-turmel from (21, Lgi) to (®, L®). The reach p (t) of t is the 
non-negative real number: 

p (t) = HauSmkLj, (=^(21)), 7z^ (^(»))) • 

The second value introduced in [48] is new to our construction, and has no 
direct equivalent in the classical picture. Indeed, McShane Theorem [62] can be 
strengthened easily by noticing that since the pointwise maximum and minimum 
of two fc-Lipschitz functions is again fc-Lipschitz, if X C Z, with (Z, d) a metric 
space, and / : X —t R is fc-Lipschitz, then there exists a A:-Lipschitz extension 
^ : Z —t R of / with the same uniform norm as /. 

In the noncommutative world, we may not expect, in general, that if (2), Lg, 
TTgi, is a tuimel from ( 21 , Lgi) to (*B, Lqj), and if a e sa ( 21 ) and e > 0 , then 
there exists d e with not only L^{a) ^ Lj)(d) ^ La(fl) -h £ but also 

||fl|| 2 i ^ ^ ||'^||a+£' the truncation argument used in the classical setting 

does not carry to the general framework of quantum compact metric spaces. 

In order to obtain some information on the norms of lifts of elements with finite 
Lip-norms in a tunnel, we are thus led to the following definition: 

Definition 3.9 ([48], Definition 3.7). Let F be a permissible function. Let (21, Lgi) 
and (25, Lig) be two F-quasi-Leibniz quantum compact metric spaces, and let t = 
(2), L 35 , Tigt, TT®) be an F-turmel from (21, Lgj) to (25, L®). The depth 3 (t) of t is the 
non-negative real number: 

p (t) = Haus^kL^ (.5-(2)),cd(7r^ (.5^(21)) U (^(25)))), 
where cd (£) is the weak* closure of the convex envelope of E for any E C 23*. 
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As we discussed, the depth does not enter in the classical picture, or in fact in 
any construction of analogues of fhe Gromov-Hausdorff disfance prior fo fhe dual 
propinquify. There is acfually fwo very imporfanf reasons for fhis. 

Firsf, if is easy fo check fhaf for any fwo compacf mefric spaces (X, dx) and 
(Y, dy), we have fhe idenfify: 

GH((X,dx),(Y,dy)) = inf {Haus(X,y) : d e Adm{dx,dY}} 

where X]_[y is fhe disjoinf union of X and Y and Adm{dx, dy} is fhe sef of all 
compacf mefrics on X ]_J Y whose resfricfion fo X and Y are, respectively, given by 
dx and dy. 

Now, C(X]_[Y) is ^-isomorphic fo C(X) © C(Y), and frivially, for any furmel 
of fhe form (C(X) © C(Y), L, ttx, TTy), where ttx : C(X) © C(Y) -» C(X) and 
Tlx ■ C(X) © C(Y) -» C(X) are fhe canonical surjections, fhe depfh is null. So, 
informally speaking, if is always possible fo compufe fhe Gromov-Hausdorff dis¬ 
fance befween fwo classical mefric spaces using only funnels wifh zero depfh. This 
properfy does nof exfend fo fhe noncommufafive setting. 

The second reason for fhe imporfance of fhe depfh of fhe funnel is fhaf ifs pur¬ 
pose is fo confrol fhe norm of lifts of elemenfs of finife Lip-norm, which is essential 
if we wish fo apply fhe quasi-Leibniz properfy. The entire purpose of our consfruc- 
fion of fhe propinquify is indeed fo be compatible wifh fhe Leibniz properfy, buf 
also puf if fo use: if will be crucial fo obfain ’‘'-isomorphisms befween quasi-Leib¬ 
niz quanfum compacf mefric spaces af disfance zero for our propinquify. No ofher 
noncommufafive analogue of fhe Gromov-Hausdorff disfance relies on fhe Leib¬ 
niz properfy. One could fhus argue fhaf fhe depfh is a core confribufion from fhe 
consfrucfion of our propinquify. 

Now, we can creafe fwo nafural S 5 mfhefic numerical values for funnels, which 
capfure bofh fhe reach and depfh, and allow for fhe consfrucfion of a mefric. Orig¬ 
inally, we propose fhe lengfh [48]: 

Definition 3.10 ([48], Definition 3.9). Let F be a permissible function. Let (21, Lgi) 
and (*B, Lfg) be two F-quasi-Leibniz quantum compact metric spaces, and let t = 
(2), Lg, Tia, TT®) be an F-turmel from (2t, Lgi) fo (25, L(s). The length A (t) of t is 
fhe non-negafive real number: 

A(t) = max{p (t),^(t)} . 

In our lafer work [50], we noticed fhaf an equivalenf quanfify fo fhe lengfh was 
fheorefically quife useful, in particular in providing a nice proof fhaf fhe propin¬ 
quify safisfies fhe friangle inequalify — a nonfrivial facf using fhe lengfh, and a 
challenge in general when working wifh Leibniz Lip-norms [43, 77]. In practice, 
fhe lengfh may seem a bif more fracfable, alfhough fime will fell which of fhe 
lengfh and fhe exfenf is easiesf fo use. 

Definition 3.11 ([50], Definition 2.11). Let F be a permissible function. Let (2t, Lgi) 
and (25, Lis) be two F-quasi-Leibniz quantum compact metric spaces, and let t = 
(2), Lj), 7121, TT®) be an F-turmel from (21, Lgi) fo (25, L®). The extent x (t) of t is 
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the non-negative real number: 

X{t) = rnaxjHauSmkLj, 

Haus^k^^ (^(»)))}. 

The relationship between length and extent is described by: 

Proposition 3.12 ([50], Proposition 2.12). For any permissible function F, any F-quasi- 
Leibniz quantum compact metric spaces (21, L<a) and (05, Lig) and any F-tunnel t from 
( 21 , La) to (*B, L®), we have: 

A(t) ^ ;ic(t) ^ 2A(t). 

We thus have two constructions for the dual Gromov-Hausdorff propinquity, 
one using length and one using extent, though Proposition (3.12) suggests that 
both constructions would lead to equivalent metrics. Informally, one may expecf 
thaf fhe dual Gromov-Hausdorff propinquify is fhe infimum of fhe lengfh, or fhe 
exfenf, of all F-funnels between any fwo given F-quasi-Leibniz quanfum compacf 
mefric spaces — once a parficular permissible funcfion F has been fixed. This 
informal approach acfually only works for fhe exfenf. 

There is however, a small subflefy fo consider. Once we have fixed a parfic¬ 
ular permissible funcfion F, fhere is sfill quife a lof of choices one may consider 
regarding fhe collection of F-funnels which may desirable fo work wifh. The poinf 
fo emphasize is fhaf computing fhe dual Gromov-Hausdorff propinquify befween 
fwo F-quasi-Leibniz quanfum compacf mefric spaces involves working wifhin fhe 
F-quasi-Leibniz quanfum compacf mefric spaces coming from funnels, and one 
mighf wish fo have more sfrucfure fhan jusf fhe F-quasi-Leibniz properfy. A par¬ 
ticularly relevanf example comes from [77], where one may wanf fo work wifh 
so-called strong Leibniz Lip-norms, i.e. Leibniz Lip-norms L defined on a dense 
subspace of fhe whole C’^-algebra 2t and such fhaf for all invertible a € 2t we have 
L(fl~^) ^ ||fl|pL(fl). 

Our construction of fhe dual Gromov-Hausdorff propinquify allows for various 
consfrainfs on funnels, wifhin some reasonable conditions fo ensure fhe resulting 
objecf is indeed a mefric. These condifions, however, depend slighfly on whefher 
we use fhe lengfh of fhe exfenf for our consfrucfion. 

We will begin our exposifion wifh fhe exfenf. We will explain how fo use 
fhe lengfh insfead when discussing the quantum Gromov-Hausdorff propinquify, 
which is nof compatible with the extent construction, but is a special case of fhe 
lengfh consfrucfion of fhe dual Gromov-Hausdorff propinquify. 

3.2.2. A First Construction of the dual Gromov-Hausdorff Propinquity and The triangle 
Inequality. This secfion proposes our consfrucfion of fhe dual Gromov-Hausdorff 
using the extent of funnels. We begin by exploring fhe notion of composition of 
funnels, which is fhe basis for our proof of fhe friangle inequalify for fhe dual 
propinquify: 

Theorem 3.13 ([50], Theorem 3.1). Let F be a permissible function. Let (2ti, Li), 
( 212 , L 2 ) and ( 2 I 3 , L 3 ) be three F-quasi-Leibniz quantum compact metric spaces and let 
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T 12 = (Si 2 / Li 2 , 7 Ti,|Di) and T 23 = ( 3323 / L 23 , ^ 2 , 91 ) be two F tunnels, respectively from 
(2li, Li) to ( 2 I 2 , L 2 ) and from ( 2 I 2 , L 2 ) to ( 2 I 3 , L 3 ). 

Ife>0, then there exists an F-tunnel t from ( 2 ti, Li) to (213, L3) such that: 

3:(t) ^ X(t12) +X(T23) +£■ 

Keeping the notations of Theorem (3.13), let us briefly indicafe whaf a possible 
tunnel t would look like. Let 33 = 33 i 2 © 3323 . We define for all {di, ^ 2 ) e so (33) = 
so(33i2) ©so(3323): 

L(di,d 2 ) = max |Li 2 (di), 123 (^ 2 )/ -||pi(^i) - 7 T 2 (d 2 )|| 2 l 2 

Sef 71 : {di,d 2 ) G 33 i-)- 7 ri(iii) e 2ti and p : {di,d 2 ) G 33 i-)- P 2 {d 2 ) G 2 I 3 . In [50], 
we check that (33, L, n,p) is indeed an F-tunnel with the desired extend. There 
are two comments which arise from fhis consfrucfion. Firsf, even if 33 x 2 = 2ti © 2 I 2 
and 3323 = ^ 2 ® '^ 3 , fhen 33 is nof ^-isomorphic fo 2ti © 2 I 3 : fhus, allowing for more 
general embeddings fhan jusf info fhe noncommufafive direcf sum for furmels is 
essenfial fo fhis consfrucfion. This is a key difference between our consfrucfion 
and all fhe earlier consfrucfions of analogues of fhe Gromov-Hausdorff disfance. 

Second, we nofe fhaf fhe map N : {di,d 2 ) G 33 1 —>■ ||px(^i) ~ ^ 2 {d 2 )\\ 2 l 2 satisfies 
a form of Leibniz inequalify: 

N{did\,d2d'2) ^ \\di\\s^N{d[,d2) + N{di,d2)\\d2\\:o2 
for all di, d[ G 33i, d 2 , d!^ G 332 . Since F is permissible, and thus: 

(3.1) F{a,b,la,h)^ al^ + bla 

for all a, b, la, Ih ^ 0, we conclude fhaf indeed, L is F-quasi-Leibniz. This is precisely 
for fhis observafion fhaf we required fhaf permissibilify includes fhe condifion 
given by Inequalify (3.1). 

Composing funnels is fhe fool which we use fo prove fhaf our dual Gromov- 
Hausdorff propinquify safisfy fhe friangle inequalify, so whafever resfricfion we 
may consider puffing on funnels lafer on, if musf be compafible wifh some form 
of composifion. More generally, we shall require fhe following compafibilify con- 
difions between a class of furmels and a class of quasi-Leibniz quanfum compacf 
mefric spaces so fhaf we can carry on our consfrucfion. 

Definition 3.14 ([50], Definition 3.5). Let F be a permissible function. Let C be a 
nonempty class of F-quasi-Leibniz quanfum compacf mefric spaces. A class T of 
F-funnels is appropriate for C when: 

(1) T is cormecfed: For any A, B G C, fhere exisfs t G T from A fo B, 

(2) T is symmefric: if t = (33, Lg, 7r,p) G T fhen = (33, \-^,p, n) G T, 

(3) T is friangular: if t,t' Cz T and if fhe domain of r' is fhe codomain of t, 
fhen for all e > 0 fhere exisfs t" from fhe domain of t to the codomain of 
t' such fhaf: 

^(t") ^ (t) + (t') +e. 

(4) T is specific: if t G T fhen fhe domain and codomain of t lies in C, 

(5) T is definife: for any ( 21 , Lgi )/(«/ Lrg) G C, if fhere exisfs an isomefric *- 
isomorphism /j : 21 —t *B fhen bofh (21, L 2 i,id 2 i,/z^^) and (23, 

belong fo T, where idf is fhe idenfify map of fhe sef E for any sef. 
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Example 3.15. Let f be a permissible function and let. The class T0i3£S[)16 of all 
F-funnels is appropriafe for fhe class 00£9J1G of all F-quasi-Leibniz quanfum 
compacf mefric spaces. Mosf assertions from Definition (3.14) are frivially check, 
and Theorem (3.13) ensures fhaf fhe friangularify properfy is satisfied. 

The following nofafion will prove useful: 


Notation 3.16. Let F be a permissible function. Let C be a nonempty class of F- 
quasi-Leibniz quanfum compacf mefric spaces and lef T be a C-appropriafe class 
of F-funnels. If (21, Lgi) and (S, L®) are in C, then the class of all funnels from 
(2t,La)to($,L®) which belong fo T is denofed by: 




(21, U) 


r. 


(*B,L23) 


We now define fhe main objecf of our research, a new noncommufafive ana¬ 
logue of fhe Gromov-Hausdorff disfance adapfed fo fhe C “^-algebraic setting which 
we call fhe dual Gromov-Hausdorff propinquify. 


Definition 3.17 ([48], Definition 3.21, [50], Definition 3.6). Let F be an admissible 
function. Let C be a nonempty class of F-quasi-Leibniz quanfum compacf mefric 
spaces and lef T be a C-appropriafe class of F-funnels. Lef (2t, Lgi) and (25, Lig) in 
C. The T -dual Gromov-Hausdorff propinquity Af ((2t, Lgi), (®, L®)) between (21, Lgi) 
and (25, L®) is defined as: 


Aj- ((2t, La), (25, L®)) = inf (t) : t G 


(21, La) ^ (», L®)]} 


Notation 3.18. When working with the class of all Leibniz quanfum compacf me¬ 
fric space, if T is fhe class of all Leibniz funnels, fhen Af is simply denofed by 
A*. If F is some permissible function, and we work wifh fhe class T00£911G of all 
F-funnels, fhen is simply denofed by Ap 


By defaulf, fhe dual Gromov-Hausdorff propinquify refers fo fhe disfance A* 
on fhe class of Leibniz quanfum compacf mefric spaces using all possible Leibniz 
funnels. Yef, many resulfs from our consfrucfion apply fo fhe various forms fhe 
propinquify can fake. 

To begin wifh, we observe fhaf: 


Proposition 3.19 ([48], Proposition 3.24). Let F be a permissible function. Let C be 
a class of F-quasi-Leibniz quantum compact metric spaces and let T be a C-appropriate 
class of F-tunnels. Then: 

Af((2t,L2t),(25,L25)) <0). 

Moreover, ifT is the class of all F-tunnels, then: 

A*j-{{% Lai), («8, L®)) ^ max{diam (.5^(21), mkLgj),diam (.5^(®), mki_jg)}. 

Theorem (3.13) ensures that some class of funnels are friangular — in parficular, 
fhe class of all funnels for a given choice of fhe Leibniz properfy. In furn, fhis 
properfy of appropriafe classes of funnels allows us fo prove: 

Theorem 3.20 ([48], [50], Theorem 3.7). Let F be a permissible function. Let C be 
a nonempty class of F-quasi-Leibniz quantum compact metric spaces and let T be a C- 
appropriate class of tunnels. For all (21, Lgi), (S, L®) and (0, Lg) we have: 

Af ((2t, Lai), (S, Ls,)) s; Af ((2t, Lai), (», L®)) + Af ((25, L®), (0, L^)) 






QUANTUM METRIC SPACES AND THE GROMOV-HAUSDORFF PROPINQUITY 


47 


and 



We now turn to a core motivation of our construction: the dual Gromov-Haus- 
dorff propinquity is, in fact, a metric up to isometric “^-isomorphism. 

3.2.3. Coincidence Property. We established in [48] the main theorem that the dual 
Gromov-Hausdorff propinquity is, in fact, a metric up to “^-isomorphism: thus our 
metric genuinely captures the G“^-algebraic structure. 

Theorem 3.21 ([48], Theorem 4.16). Let F be a permissible function. Let C 0 be a 
class of F-quasi-Leibniz quantum compact metric spaces and let Tbea C-appropriate class 
of tunnels. For all (2t, L<^) and (55, Lig) in C, the following two assertions are equivalent: 



L® o0(fl) = l^{a). 

The proof of fhis imporfant fheorem relies on an inferprefafion of furmels as a 
form of morphisms, akin fo a correspondence between mefric spaces. Theorem 
(3.13) showed fhaf funnels may be composed, alfhough nof in a unique marmer. 
The conditions of Definition (3.14) could be read as fhe description of a sfrucfure 
modeled affer a cafegory wifh furmels for morphisms, albeif in a loose sense. Now, 
we push fhis analogy somewhaf furfher. 

We begin by defining fhe image of an element by a turmel. Such an image is of 
course a sef, and again depends on an additional choice of a real number. We call 
fhis image fhe fargef sef of an elemenf. 

Definition 3.22 ([48], Definition 4.1). Let f be a permissible function, C 7 ^ 0 be a 
class of F-quasi-Leibniz quanfum compacf mefric spaces and T a C-appropriafe 
class of F-funnels. Lef: 



For any a E sa (2t), and any I ^ L^{a), we define fhe lift set of a by: 

h {a\l) = {d e sa(®) : d e sa ( 0 ), n^{d) = a and L^{d) ^ 1} 
and fhe target set of a by: 

tr {a\l) = TT® {lr{a\l)). 


Targef sefs are compacf and nonempfy under fhe assumptions of Definition 
(3.22) by [48, Lemma 4.2]. 

One of mosf imporfanf resulf abouf fhe exfenf of a funnel is akin fo a sfafemenf 
abouf fhe confinuify of a furmel as a generalized morphism. 

Proposition 3.23 ([48], Proposition 4.4). Let F be a permissible function, C 0 be a 
class of F-quasi-Leibniz quantum compact metric spaces and T a C-appropriate class of 
F-tunnels. Let: 


T = (®, Lg, TTsi/7T® ) S (2t, Lgi) (*B, Lig ) 

Let a e dom(L2i) and I e IR with L(^{a) ^l.IfdE h then: 


IMIls ^ Walh + lxi'^)- 
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Consequently, if b & tr {a\l) then: 

\\b\\s8 ^ \\a\h + lx{'^)- 


As we wish to see tunnels as generalized morphisms, we should naturally con¬ 
nect the underlying algebraic structures of the Jordan-Lie algebras of fhe domain 
of Lip-norms wifh fargef sefs. These generalized algebraic morphisms nofions are 
given by fhe following: 


Proposition 3.24 ([48], Corollary 4.5, Proposition 4.8). Let F be a permissible func¬ 
tion, C 0 be a class of F-quasi-Leibniz quantum compact metric spaces and T a C- 
appropriate class of F-tunnels. Let: 


T — {0/ L'J), TTgl, TTog ) G (2t, Lgl) -1 (IS, ) 


If a, a' G dom{L^) and I G lR,z(;if/zmax{L 2 i(fl), L2((fl0} ^ then for all b G It {a\l) 
and b' G C {a'\l): 

(1) for all t E R, we have: 

b -\- tb^ G C {^a -\- -\- |f|)/^, 

(2) we have: 


bob' G tr {a o a'\F{\\a\\^ 2x {T),\\a' \\< 2 i 2x {t),1,1)) 


and 


{b,b'} G tr ({fl,fl'}|f(||fl||2( +2;^(t), Ilfl'Ila +2;^(t),/,/)). 

Propositions (3.23) and (3.24) complete our picture of funnels as generalized 
morphisms and are fhe key fo Theorem (3.21). Moreover, a key consequence of 
fhese two proposifions, af fhe cenfer of our proof of Theorem (3.21), is fhat fhe 
diamefers of fargef sefs are confrolled by fhe exfenf, or equivalenfly by fhe lengfhs 
of funnels: 


Corollary 3.25 ([48], Corollary 4.5). Let F be a permissible function, C be a nonempty 
class of F-quasi-Leibniz quantum compact metric spaces and T a C-appropriate class of 
F-tunnels. Let: 


T — (T), L^, TC^, ) G (2t, Lgt) - 1 (IS, ) 


If a, a' G dom(L2i) and I G Rzmthmax{L^{a), L2i(fl')} ^ I, then for all b E R {a\l) 
and b' E C {ci'\l): 

\\b-b'\\<s ^ \\a- a'y+2lx{T). 

In particular: 

diam(tT {a\l),\\ ■ ||®) ^ 2/;^ (t). 


The sfrafegy fo prove Theorem (3.21) in [48] consisfs, fherefore, in proving fhaf 
if we are given a sequence of furmels whose exfenf converge fo zero, fhen we can 
find a subsequence of funnels which, seen as generalized morphisms, converge 
fo an actual isometric Jordan-Lie morphism which is also continuous for fhe Lip- 
norms. Then, using fhe facf fhat turmels are always invertible, one hope to build 
an inverse morphism at the limit (possibly extracting another subsequence), and 
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concludes with Theorem (3.21). This strategy proves, indeed, successful. Cen¬ 
tral to the construction of fhe convergent subsequence of funnels is fhe facf fhat 
the unit ball for Lip-norms of quasi-Leibniz quanfum compacf mefric spaces are 
fofally bounded modulo scalars by Theorem (2.43), and hence compacf modulo 
scalar, since our Lip-norms are always lower semi-confinuous. Pushing our anal¬ 
ogy between funnels and morphisms one sfep furfher, we could claim fhaf our 
proof in [48] includes a form of fhe Arzela-Ascoli fheorem for furmels. 

We fhus consfrucfed a mefric on Leibniz quanfum compacf mefric spaces, and 
more generally on F-quasi-Leibniz quanfum compacf mefric spaces for any choice 
of a permissible F (we nofe fhat we must choose F first and then get a metric via 
our construction; we do not get a metric on the class of all quasi-Leibniz quan¬ 
fum compacf mefric spaces). Our efforfs, of course, were mofivafed by finding an 
analogue of fhe Gromov-Hausdorff disfance in noncommufafive geomefry and 
fhe nexf secfion shows fhaf fhis goal was achieved as well. 

3.2.4. Comparison with Gromov-Hausdorff and other Metrics. The dual propinquify 
can be compared fo fhree imporfant objecfs. Firsf is fhe quanfum Gromov-Haus¬ 
dorff disfance dist^ [84], which is a pseudo-mefric on fhe class of quanfum com¬ 
pacf mefric spaces and was fhe firsf noncommufafive analogue of fhe Gromov- 
Hausdorff disfance. Second is fhe proximify prox, a modified version of fhe quan¬ 
fum Gromov-Hausdorff disfance infroduced by Rieffel in [77] fo deal wifh com¬ 
pacf C*-mefric spaces, which are a f5q3e of Leibniz quanfum compacf mefric spa¬ 
ces. Yef fhe proximify is nof known fo safisfy fhe friangle inequality. Our metric 
takes its name from fhe proximify. Lasf, of course, we wish fo compare our new 
mefric fo fhe Gromov-Hausdorff disfance GH, when working wifh classical mefric 
spaces. 

The following two theorems summarize our results: 

Theorem 3.26 ([48], Theorem 5.5). Let Fbea permissible function and Cbea non-empty 
class of F-quasi-Leibniz quantum compact metric spaces. Let (21, Lgi) and (23, L®) be in 
C, and let T be a C-appropriate class of tunnels. Then: 

(3.2) dist^((2l,L2i),(*B,L23)) ^ Af((2t,L2i),(*B,L23)). 

IfT C Q are two C-appropriate classes of tunnels, then: 

(3.3) A^((2t,L2(),(*B,L25)) ^Af((2t,La),(*B,La5)). 

Moreover, if Lgi) and (23, L®) are both compact C*-metric spaces, then: 

(3.4) A*((2t,La),(*B,L>B)) ^A:((2t,La),(*B,L>B)) ^prox((2t,L),(*B,La3)), 
zvhere A* is the specialized dual propinquity to the class of compact C*-metric spaces. 

We note that in [48], where we constructed the propinquity using lengths, the 
class of tunnels was compatible with, rather than appropriate for the choice of a 
class of Leibniz quantum compact metric spaces. The proof is however unaffected 
by this small change, and we will discuss the length construction in a later section. 

Theorem 3.27 ([48], Corollary 5.7). Let (X, dx) and (Y, dy) be two compact metric 
spaces, and let GH be the Gromov-Hausdorff distance [36]. Then: 

A*((C(X), Lx), (C(Y), Ly)) ^ GH((X,dx), (Y,dy)), 
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zvhere Lx and Ly are, respectively, the Lipschitz seminorms associated to dx and dy. 

Thus, the topology induced by the dual Gromov-Hausdorjf propinquity on the class 
of compact metric spaces agrees with the topology induced by the Gromov-Hausdorff dis¬ 
tance. 

Rieffel's quantum Gromov-Hausdorff disfance is known fo mefrize fhe same 
topology as fhe Gromov-Hausdorff disfance on fhe class of classical compacf mef- 
ric spaces; since fhe propinquify is befween Rieffel's mefric and Gromov's mefric 
on fhis class, if also provides fhe same topology 

Thus, if is fair fo see fhe dual Gromov-Hausdorff propinquify as a noncom- 
mufafive analogue of fhe Gromov-Hausdorff disfance. Theorem (3.21) shows fhaf 
our mefric does remember fhe C’^-algebraic disfance and fix fhe coincidence prop- 
erfy maffer for fhe quanfum Gromov-Hausdorff disfance in fhe C’^-algebra frame¬ 
work. By consfrucfion, fhe dual Gromov-Hausdorff propinquify allows fo work 
enfirely wifhin fhe framework of Leibniz quanfum compacf mefric spaces, unlike 
any ofher consfrucfion of noncommufafive Gromov-Hausdorff disfances, af leasf 
wifhouf sacrificing fhe friangle inequalify. Moreover, one may adjusf fhe consfruc¬ 
fion fo work wifhin various sub-classes of Leibniz quanfum compacf mefric spa¬ 
ces, or even choose a more lenienf form of fhe Leibniz properfy, and sfill work 
wifh a well-behaved mefric. 

3.2.5. Completeness. The dual Gromov-Hausdorff propinquify shares anofher de¬ 
sirable properfy wifh fhe Gromov-Hausdorff disfance: if is a complefe mefric: 

Theorem 3.28 ([48], Theorem 6.27). Let F be a confinuous permissible function. The 
dual Gromov-Hausdorjf propinquity is a complete metric. 

The proof of complefeness is quite technical. We shall only menfion one aspecf 
of fhe consfrucfion of fhe limif of a Cauchy sequence for fhe Gromov-Hausdorff 
propinquify, which significanfly impacf fhe sfrucfure of our proof of Theorem 
(3.28). 

The candidafe for a limif is consfrucfed as a quofienf of a parficular quasi- 
Leibniz quanfum compacf mefric space. However, quofienf of Leibniz seminorms 
may nof be Leibniz — a difficulfy which carries fo fhe more general quasi-Leibniz 
sifuafion. Thus, while we can obfain a quanfum compacf mefric space as a limif, 
fhe proper Leibniz properfy requires quife some care. 

The idea is fhaf any elemenf a of fhe quofienfs wifh a given Lip-norm admif, for 
any e > 0, some liff wifh bofh Lip-norm and norm wifhin e of fhe norm and Lip- 
norm of a. Assuming fhaf fhe chosen permissible funcfion is confinuous, we fhen 
can obfain fhe desired quasi-Leibniz properfy af fhe limif. We refer fo [48, Secfion 
6 ] and fo [53] for fhe proofs and a defailed accounf of fhese technical matters. 

3.3. Gromov's Compactness and Finite Dimensional Approximations. 

3.3.1. Compactness for the Dual Gromov-Hausdorff Propinquity. Gromov's compact¬ 
ness theorem [35] is a central tool when working with the Gromov-Hausdorff dis¬ 
fance, and reads as follows: 
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Theorem 3.29 (Gromov's Compactness Theorem). A class S of compact metric spaces 
is totally bounded for the Gromov-Hausdorff distance if, and only if the following two 
assertions hold: 

(1) there exists D ^ 0 such that for all (X, m) G S, the diameter of (X, m) is less or 
equal to D, 

(2) there exists a function G : (0, oo) —>■ ]N such that for every (X,m) G S, and for 
every e > 0, the smallest number Cov(x:,m) (£) of balls of radius e needed to cover 
(X,m) is no more than G(e). 

Since the Gromov-Hausdorff distance is complete, a class of compact metric spaces is com¬ 
pact for the Gromov-Hausdorff distance if and only if it is closed and totally bounded. 

Theorem (3.29) relates intimately to the matter of finite approximations for mef- 
ric spaces: of course, every compacf mefric space is fhe Gromov-Hausdorff limit 
of ifs finife subsefs. In particular, fhe covering number for a compacf mefric space 
is always finife, for any e > 0. The sifuafion is more complicafed in the noncom- 
mutative setting, as we shall see in the next section. 

We now present our analogue of Theorem (3.29) for fhe dual propinquify. We 
shall need a few regularify condifions on our choice of a quasi-Leibniz properfy: 

Definition 3.30 ([53], Definition 3.4). A function F : [0, oo)^ —> [0, oo) is strongly 
permissible when: 

(1) F is permissible, 

(2) F is continuous, 

(3) for all A, p, x, y, lx,ly G [0, oo) we have: 

\pF{x,y,lx,ly) = F{\x,py,\lx,ply), 

(4) for all x,y e [0, oo) we have F{x,y,0,0) =0. 

A firsf and imporfanf observation is fhaf sefs of finife dimensional quasi-Leib¬ 
niz quanfum compacf mefric spaces wifh bounded diamefer form compacf sefs for 
fhe dual Gromov-Hausdorff propinquify. 

Notation 3.31. Let F be a permissible function. We let be the class 

of all F-quasi-Leibniz quanfum compacf mefric spaces and we lef 
be fhe class of all finife dimensional F-quasi-Leibniz quanfum compacf mefric spa¬ 
ces. 

Theorem 3.32 ([53], Theorem 3.6). Let F be a strongly permissible function. For all 
d G IN and D ^ 0, the class: 

|(2t, L) G J^^.S^(F) : dime 21 ^ d,diam (.5^(21), mki_) ^ d| 

is compact for the dual Gromov-Hausdorff propinquity Ap. 

We now define an analogue of fhe covering number in our setting, inspired by 
fhe h 5 q)ofhesis of Theorem (3.29). 

Definition 3.33 ([53], Definition 4.1). Let F be a permissible function. Let (2t, L) 
be a F-quasi-Leibniz quantum compact metric space and e > 0. The F-covering 
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number of (21, L) is: 

covp (21, Lgile) = min •|dimc(®, Lig) : 

Without additional requirement, the covering number covp (21, L|e) of a given 
F-quasi-Leibniz quantum compact metric space (21, Lgi) may well be infinite, i.e. 
there may be no finite dimensional approximations, at least for small values of 
e > 0. 

However, when the covering number is indeed finite, we get the following ana¬ 
logue of Theorem (3.29): 

Theorem 3.34 ([53], Theorem 4.2). Let F be a strongly permissible function. Let A 
be a nonempty subclass of the closure of {F) for the dual Gromov-Hausdorjf 

propinquity Ap The following two assertions are equivalent: 

(1) the class A is totally bounded for the dual Gromov-Hausdorff propinquity Ap 

(2) there exists a function C : [0, oo) —f IN and D ^ 0 such that, for all (21, L) e A, 
we have: 

• Ve > 0 covp (2t, Lje) ^ C(e), 

• diam (21, L) ^ D. 

In particular, since A^ is complete, compact classes of F-quasi-Leibniz quantum compact 
metric spaces are the closed, totally bounded classes for Ap 

We now must address the question of which quasi-Leibniz quantum compact 
metric spaces are limits of finite dimensional quasi-Leibniz quantum compact me¬ 
tric spaces. This matter was in fact the key motivation for the introduction of 
quasi-Leibniz quantum compact metric spaces in our theory, which we originally 
[54, 52,48, 50] developed for Leibniz quantum compact metric spaces. 

3.3.2. Finite dimensional Approximations. The field of C*-algebras is quite rich in 
notions of finite-dimensional approximations in a quantum topological sense: nu- 
clearity, exactness, quasi-diagonality, and AF algebras are important examples. It 
is natural to ask: is there a way to cormect some form of quantum topological finite 
dimensional approximation with quantum metric finite dimensional approxima¬ 
tions? 

Our own research gave us some results in this direction. An appropriate notion 
of topological finite approximations which we propose is modeled after quasi- 
diagonality together with nuclearity. 

Definition 3.35 ([53], Definition 5.1). A unital C*-algebra 21 is A pseudo-diagonal 
when, for all finite subset of 21 and for all e > 0, there exists a finite dimensional 
C*-algebra ® and two positive, unital maps i/i : 21 —> 21 and (j? : 21 —> *B such that: 

(1) for aWa E S we have \\a — (po \p[a)\\^ ^ e, 

(2) for all a,b ^ ^ we have: 

\\xp{a)xp{b) - ip{ab)\\^ ^ e. 

Pseudo-diagonality does not involve completely positive maps, but it involves 
unital maps. Our concept is inspired by the characterization of nuclear quasi¬ 
diagonal C*-algebras of Blackadar and Kirchberg [11]: 


3(23, Lsg) G 1 

A*((21,L2i),(*B,L^))<e J 
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Theorem 3.36. A C*-algebra 21 is nuclear, quasi-diagonal if and only if for every e > 0 
and for every finite set F of 2t, there exists a finite dimensional C*-algebra $ and two 
completely positive contractions ^ : 21 —>■ 25 and i/i : $ —>■ 2t such that: 

(1) for all a & F we have \\a — 'ipo (p{a)\\^ ^ e, 

(2) for all a,b & F we have \\cp{ab) — cp{a)(p{b)\\(Q ^ e. 

A little work allows us to prove that: 

Theorem 3.37 ([53], Corollary 5.5). A unital nuclear quasi-diagonal C*-algebra 21 is 
pseudo-diagonal. 

The importance of pseudo-diagonal Leibniz quantum compact metric spaces is 
that they admit finite dimensional approximations for fhe dual Gromov-Hausdorff 
propinquify, albeif af fhe cosf of relaxing fhe Leibniz properfy a liffle. Formally, we 
introduce a small variation on the Leibniz property, whose role in our approxima¬ 
tion theorem was the motivation to extend the dual Gromov-Hausdorff propin¬ 
quify fo quasi-Leibniz quanfum compacf mefric spaces. 

Notation 3.38. Let C ^ 1 and D ^ 0. Let: 

^C,D • ^/J// ^x/ ly G [0/ t C{xly ylx) “F Dlxly. 

A Fc D-quasi-Leibniz quantum compact metric space is called a (C, D)-quasi-Lei- 
bniz quantum compact metric space. 

We proved the following approximation result: 

Theorem 3.39 ([53], Theorem 5.7). Let C ^ 1 and D ^ 0. If (21, L) is a (C, D)-quasi- 
Leibniz quantum compact metric space and 21 is pseudo-diagonal, then for any e > 0, 
there exists a sequence ((2tn, Ln))„g]N of {Ce, D e)-quasi-Leibniz quantum compact 
metric spaces such that: 

(1) for all n e IN, the C*-algebra 2t is finite dimensional, 

(2) we have: 

„li^A^c+uD+.)((2ln,U),(2t,L)) = 0. 

An important observation is that if C = 1, D = 0 fhen Theorem (3.39) gives 
finife dimensional approximafions of Leibniz quanfum compacf mefric spaces by 
(1 -F e, e)-quasi-Leibniz quanfum compacf mefric spaces for any e > 0, buf nof for 
£ = 0 in general. The difficulfy which we encounfered occurred was fo define 
a Lip-norm on fhe finife dimensional approximafions provided by fhe pseudo¬ 
diagonal properfy: a simple quofienf would nof work, as we would have no con- 
frol over fhen Leibniz properfy. Our new approach gives a beffer resulf, as we find 
approximations which are "as close to Leibniz" as possible, though not Leibniz, by 
constructing our Lip-norms on the finite dimensional algebras thanks to the maps 
from pseudo-diagonalify in a slightly tricky way. 

We shall see later in this document that for some specific examples, such as 
quanfum fori, we do manage fo obfain finife dimensional Leibniz quanfum com¬ 
pacf mefric spaces approximafions. 

We now furn fo a nafural quesfion: how does one consfrucf funnels? A special 
form of tunnels is in fact the basis for our original consfrucfion of fhe quanfum 
propinquify, which can now be seen as a specializafion of fhe dual propinquify. 
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3.4. The Quantum Gromov-Hausdorff Propinquity. 

3.4.1. Bridges and Treks. The quantum Gromov-Hausdorff propinquify [54] is a 
specializafion of fhe dual Gromov-Hausdorff propinquify [48], alfhough we dis¬ 
covered if firsf, and if plays an imporfanf role in fhe proof of fhe convergence of 
several examples of Leibniz quanfum compacf mefric spaces for fhe dual propin¬ 
quify. Af fhe core of fhe quanfum Gromov-Hausdorff propinquify is fhe concepf 
of a bridge, which is a nafural source of Leibniz Lip-norms. 

Indeed, a mean fo gef seminorms wifh fhe Leibniz properfy is fo use deriva¬ 
tions, as for insfance in Example (2.26). The quanfum propinquify specifically 
uses bounded inner derivations in C^-algebras. The key ingredienf is fhe nofion of 
a bridge. 


(2),a; e £>) 



Figure 4. A bridge 


Definition 3.40 ([54], Definition 3.1). Let 53 be a unital C*-algebra and a; G ®. The 
1 -level set of co is: 



Lemma 3.41 ([54], Lemma 3.4). Let ^ be a unital C*-algebra. IfcoGD then: 
y{t^\Lo) = {cp e :\fd e 1) cp(d) = (p{dLo) = (p(cLid)}. 

Definition 3.42 ([54], Definition 3.6). Let 21 and 18 be two unital C*-algebras. A 
bridge 7 = (23, co, n^, TCrg ) is given by a unital C*-algebra, two unital *-monomor- 
phisms Tigi : 21 ^ 23 and ti® : IB ■—f 23, and m e 23 such that the 1-level set 
.5^(2t|<n) of oi is nof empfy. 

Notation 3.43. When 7 = (23, a;, n,p) is a bridge, co is called the pivot of 7 , fhe 
domain of n is fhe called fhe domain dom( 7 ) of 7 while fhe domain of p is called 
fhe codomain codom( 7 ) of 7 . 

The role of fhe pivof is illusfrafed in our nexf section on convergence for fhe 
quanfum fori. When pivof are resfricfed fo always be fhe unif, fhen our consfruc- 
fion would lead fo fhe unifal nuclear disfance [44]; our mefric is however more 
flexible fo work wifh. 

Bridges will allow us fo consfrucf funnels. Of course, we wish fo be able fo 
compufe fhe lengfh of such funnels from fhe dafa provided by fhe bridge. As wifh 
funnels, we associafe two nafural numbers fo bridges befween quanfum compacf 
mefric spaces, which will fhen allow us fo compufe fheir lengfh. 

The firsf of fhese quanfifies measure how far fhe domain and fhe codomain of a 
bridge are aparf, using a mefric given by fhe inner derivation defined by fhe pivof. 
Formally, we define: 
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Definition 3.44 ([54], Definition 3.10). Let 2t and 55 be two unital C*-algebras and 
let 7 = (D, w, 7121, ) be a bridge from 2t fo 55. The bridge seminorm hn^ (■) of 7 is 

given for all a G 2 t and b G by: 

boj {a,b) = ||7r2t(fl)a; — oitt®( b)!!®. 

We can now define fhe reach of a bridge in ferms of fhe bridge seminorm 
(which, we nofe, is indeed a seminorm on 21 0 55). 

Definition 3.45 ([54], Definition 3.14). Let (21, L 2 i) and (55, Lig) be two quantum 
compact metric spaces and: 

7 = (D, 07,7121,71®) 

be a bridge from (21, L 21 ) fo (55, L®). The reach q ( 7 IL 21 , L®) of 7 wifh respecf fo 
L 21 , L® is fhe non-negafive real number: 

max{sup{inf{bn.y {a, b) : b e sa (*B), L® (b) ^1} : a e so (21), L 2 i(fl) ^ 1}, 

sup{inf{bn.), {a, b) : a e sa (21), L 2 i(fl) ^ 1} : fo G sa (55), L® (fo) ^ 1}}. 

Thus fhe reach is fhe Hausdorff disfance between Lipschifz balls for fhe semi¬ 
norm bn.y (■, ■) on 21 0 55. This quantify is always finife by [54, Lemma 3.15]. 

The reach of a bridge represenfs, mefaphorically, fhe lengfh of ifs span befween 
ifs domain and codomain. However, one musf firsf gef on fhe bridge and fhen, 
once fhe span crossed, gef off fhe bridge: in some sense, fhe span measures how 
far fhe images of fhe 1 -level sef of fhe pivof in fhe sfafe spaces of fhe domain 
and fhe codomain are from each ofher, and we musf now measure how far fhese 
images are from being fhe enfire sfafe spaces in each of fhe domain and codomain. 
This number is provided by fhe heighf of fhe bridge: 

Definition 3.46 ([54], Definition 3.16). Let (21, L 2 t) and (55, L®) be two quantum 
compact metric spaces and: 

7 = (2), 07,7121,71®) 

be a bridge from (21, L 2 t) fo (55, L®). The height g ( 7 |L 2 t, L®) of 7 wifh respecf fo 
L 2 i, L® is fhe non-negafive real number: 

max{Haus,k,,^^ (.^-( 21 ), ti^ (.5-(2)|a7))), Haus^k^,^ (^(®),7r® {y{T>\co)))}. 

We now bring fhese two quantities together: 

Definition 3.47 ([54], Definition 3.17). Let (21, L 2 i) and (55, L®) be two quantum 
compact metric spaces and: 

7 = (D, 07,7121,71®) 

be a bridge from (21, L 21 ) to (55, L®). The length A L®) of 7 with respect to 

L 2 I/ L® is the non-negative real number: 

max{^(7|L2i, L®),g ( 7 |L 2 i,L®)}. 

A bridge is a mean to define a special kind of turmel, which is very useful in 
practice [79, 52, 83]. The bridge itself has no quantum metric structure, which 
is why its reach and height must be decorated with the metric structures of its 


56 


FREDERIC LATREMOLIERE 


domain and codomain. This is in sharp contrast with turmels, which do carry their 
own Lip-norms. Moreover, Figure (3.4.1) is, in a sense, backward if compared to 
Figure (2) — it is not the dual picture to Figure (1)! This inversion may appear 
counter-intuitive, though the next theorem should clarify fhis maffer. The dual 
relafionship from bridges fo furmels (which has no known inverse) jusfifies fhe 
name dual Gromov-Hausdorff propinquify. 

Theorem 3.48 ([54], Theorem 6.3). Let F bea permissible function, and let (2t, Lgi) and 
(*B, L®) be two F-quasi-Leibniz quantum compact metric spaces. Let: 

7 = (2),a;, n^, n^) 

be a bridge from ^ to *B. For all A > A ( 7 IL 21 , Lrg), and for all a G sa (21) and b G sa (®), 
we define: 

LA(fl, b) = max |L 2 i(fl), L® (b), {a, b) 

Let la : 21 0 23 ^21 and z® : 21 © IB -» IB Fe f/ze two canonical surjections. Then 
(21 © IB, La, an F-tunnelfrom (21, L^) to (25, Lqj ) of length at most A. 

If is fherefore nafural fo define, for any permissible function F, fhe class Tp of all 
F-furmels obfained from fhe consfrucfion in Theorem (3.48) and use if fo consfrucf 
a specialized version of fhe dual Gromov-Hausdorff propinquify. Unforfunafely, 
7p is nof friangular. 

This difficulfy is in facf quife imporfanf from fhe perspective of fhe develop- 
menf of a noncommufafive analogue of fhe Gromov-Hausdorff disfance. Indeed, 
Theorem (3.13) allows fo compose furmels, buf we see immediafely fhaf fhis ap¬ 
proach, when applied fo two furmels in Tp, will nof lead fo a furmel in 7p. A simple 
observation is fhaf indeed, we would require faking a quofienf in order fo refurn 
fhe composed furmel in 7p. Yef fhis procedure would, in general, desfroy fhe Leib¬ 
niz properfy. This exacf difficulfy has prevenfed many earlier mefrics [43, 77] fo be 
well-behaved wifh respecf fo fhe Leibniz properfy because fhe friangle inequalify 
may fail. 

We however developed anofher approach fo fhe consfrucfion of bofh fhe quan- 
fum propinquify and fhe dual propinquify which allows us fo sfill obfain well- 
behaved mefrics over classes of furmels which may nof be appropriafe, such as 7p. 
These consfrucfions rely on fhe notion of a finife pafh between quantum compact 
metric spaces, consisting of bridges or turmels. In [54], we originally introduced 
treks: 

Definition 3.49 ([54], Definition 3.20). Let F be a permissible function. Let C 
be a nonempty class of F-quasi-Leibniz quantum compact metric spaces and let 
(21, L<a), (25, Lig) G C. A C-trek from (21, Lgi) to (25, L®) is a finite family: 

T = ( 2 tp Li, ^j, 2 t^+i, Lj+i : / = 1 ,..., n) 

where: 

(1) for all 7 G {1,..., n + 1} we have (21^, L 7 ) G C, 

(2) we have (2ti, Li) = (2t, La) and (2l„+i, L„+i) = (25, L®), 

(3) for all i G {!,..., n}, we are given a bridge 77 from (21^, Lj) to ( 2 l 7 _|_i, Ly+i)- 
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Since each bridge of a trek gives rise to a tunnel, we have a natural notion of a 
journey as well. 


Definition 3.50 ([48], Definition 3.18). Let F be a permissible function, C be a 
nonempty class of F-quasi-Leibniz quantum compact metric spaces and T be a 
nonempty class of tunnels. Let (21, Lgi) and (25, L®) in C. 

A T-journey from (21, Lai) to (», Lfg) is a finite family: 

Y = (2tp Ly, Tj, 2ty+i, Ly+i 

where: 

(1) for all / G {1,..., n + 1} we have (2ly, Ly) e C, 

(2) we have (2ti, Li) = (21, La) and (21„+i, L„+i) = («B, L®), 

(3) for all / G we are given a tunnel: 


7y G ((2ty, Ly)) ->■ ((2ty+i, Ly^_i)) 


In order for the construction of the dual propinquity based on the length of tun¬ 
nels to lead to a metric, we require some compatibility condition on what classes 
of tunnels may be used to build journeys. The difference between this notion of 
compatibility and the notion of an appropriate class is that we do not require the 
class to be triangular: the introduction of journeys and treks provide a natural no¬ 
tion of composition from which the triangle inequality will follow. We also relax 
the notion of connectedness. 


Definition 3.51 ([48], Definition 3.11). Let F be a permissible function, C be a 
nonempty class of F-quasi-Leibniz quantum compact metric spaces. A class T 
of turmels is C-compatible when: 

(1) T is weakly connected: For any A, B G C, there exists a T-joumey from A 
to B, 

(2) T is symmetric: if t = (S), L®, tt, p) G T then = (2), L^,p, n) G T, 

(3) T is specific: if t G T then the domain and codomain of t lies in C, 

(4) T is definite: for any (21, Lgi), (25, L®) G C, if there exists an isometric *- 
isomorphism Iz : 21 —> 25 then both (21, Lgi,idgi,lz“^) and (®, L®,lz,id®) 
belong to T, where idf is the identity map of the set E for any set. 

In particular, for any permissible function F, if Cp is the class of all F-quasi- 
Leibniz quantum compact metric spaces, then the class Tp of all turmels build by 
Theorem (3.48) from bridges between arbitrary F-quasi-Leibniz quantum compact 
metric spaces is Cp-compatible. 

Treks and journeys can be composed by concatenation. Now, we define the 
length of both these t 5 rpes of paths between quantum compact metric spaces: 

Definition 3.52 ([54], Definition 3.22; [48], Definition 3.20). The length of a trek: 

T (^ 7 ' Ly, 7y/ ^y+i/ ^ 7+1 * 1 0/ ■ * * / 

is the non-negative real number: 

/=i 
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Similarly, the length of a journey: 

Y = (2ly, Lj, 7y, a^+i, Ly+i : / = 0,..., n) 
is the non-negative real number: 

With these concepts defined, we now introduce the quantum propinquity 
3.4.2. The Quantum Propinquity. 

Notation 3.53. Let C be a nonempty class of f-quasi-Leibniz quantum compact 
metric spaces for some permissible function F. The set of all C-treks from (2t, La) G 
C to (05, Lig) e C is denoted by: 

J^((21,L2i) ^ (05, L®)). 

Definition 3.54 ([54], Definition 4.2). Let F be a permissible function. Let C be 
a nonempty class of F-quasi-Leibniz quantum compact metric spaces. The quan¬ 
tum Gromov-HausdorffC-propinquity Ac ((21, Lgi L(g)) between (21, Lqi) € C and 

(25, Lq 3 ) E C is: 

inf{A(r) :re .^^((2t,La) ($,L»b))}. 

The main results in [54] are that the quantum propinquity is indeed a metric 
up to isometric ^-isomorphism, that it induces the same topology as the Gromov- 
Hausdorff distance on classical metric spaces, and dominates RieffeTs quantum 
Gromov-Hausdorff distance. 

Theorem 3.55 ([54], Proposition 4.6, Proposition 4.7, Theorem 5.13). Let F be a per¬ 
missible function. Let C be a nonempty class of F-quasi-Leibniz quantum compact metric 
spaces. Then, for all (21, L^), (*B, L®), (S, Lg) e C, we have: 

(1) Ac((21, Lgi), (05, Lgj)) ^ max{diam (.5^(21), mki_^),diam (.5^(05), mki_^)}, 

(2) Ac((21,La),($,L«B)) = Ac((<B,L25),(21,L2i)), 

(3) we have: 

Ac((21,La),($, L«b)) ^ Ac((21,L2t),(S, L^)) + Ac((S, Lj,), ($, L®)), 

(4) Ac((21,L2i),($, L®)) =0 if and only if there exists a *-isomorphism tt : 21 —>■ *B 
such that L® o 1; = La. 

The comparison theorem for the quantum propinquity is given as: 

Theorem 3.56 ([54], Corollary 6.4, Theorem 6.6). Let F bea permissible function. Let 
C be a nonempty class of F-quasi-Leibniz quantum compact metric spaces. Then, for all 
(21, La), (05, L®) G C, ive have: 

dist((21. La), (», L>b)) ^ 2Ac((21, La), (05, L®)). 

Moreover, if{X, dx) and (Y, dy) are compact metric spaces, and if Lip^ and Lipy are the 
two Lipschitz seminorms associated, respectively, to dx and dy, then: 

Ac((C(X), Lipx, C(y),Lipy)) ^ GH((X, dx), (Y, dy)). 
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In particular, the topology induced by the quantum Gromov-Hausdorff propinquity on the 
class of compact metric spaces agrees with the topology of the Gromov-Hausdorff distance. 

As we shall discuss in the next section, examples of convergence for fhe dual 
propinquify come offen from convergence in fhe sense of fhe quanfum propin- 
quify. Indeed, fhese fwo mefrics are comparable — as Theorem (3.48) sfrongly sug- 
gesfs. As we mentioned earlier, the issue is to define fhe dual Gromov-Hausdorff 
propinquify so fhaf we may use compafible, rafher fhan appropriate classes of 
furmels. Indeed, using journeys, one may propose an alfernafive form of fhe dual 
Gromov-Hausdorff propinquify (and ifs original form in [48]), which is really an 
equivalenf mefric whenever bofh consfrucfions can be carried ouf: 

Definition 3.57 ([48]). Let F be a permissible function, C be a nonempty class of 
F-quasi-Leibniz quanfum compacf mefric spaces and T be a C-compafible class 
of funnels. If (21, \-^), (25, L®) e C fhen fhe dual propinquity (alfernafe version) 
Lgi), (25, Lig)) is fhe non-negafive real number: 

We proved direcfly in [48] fhaf A*j|. is also a mefric, and discussed fhe equiva¬ 
lence of our consfrucfions in [50]: 

Theorem 3.58 ([48], Theorem 4.16, Theorem 4.17, [50]). Let F be a permissible func¬ 
tion. Let C be a nonempty class of F-quasi-Leibniz quantum compact metric spaces and 
let T be a C-compatible class of tunnels. Then, for all (2t, Lgi), (®, L®), (S), Ljj) e C,we 
have: 

(1) We have: 

Af^,lt((2l,L2t),($,L®)) 

^ maxjdiam (.5^(21), mkL^),diam (j^(25), mkL^)}, 

(2) A:5-^^i^((21,L2i),($,L®)) = A:5-^^i^(($,L25),(2t,L2i)), 

(3) we have: 

La), ($, L>b)) ^ Af^,n((2t, La), (D, L^,)) + L^), (*B, L^^)), 

(4) A:5-^^i^((2t,La),($, L®)) = Of ^nd only if there exists a *-isomorphism n : 

2t —t 25 such that oh = La. 

(5) ifTc is the class of all tunnels between elements ofC: 

dist((2t. La), (25, L®)) < La), (», L®)) < Ac((21, La, 25, L®)), 

(6) If moreover, T is C-appropriate, i.e. it is also triangular, then: 

Af^,n((2l, La), (25, L^j)) < Af ((21, La), (*B, L>b)) < La), ($, L^j)). 

Thus, fhe dual Gromov-Hausdorff propinquify can be defined for compafible 
classes of funnels. In parficular, for any permissible F, we can check fhaf if Tp 
is fhe class of all F-funnels obfained from bridges via Theorem (3.48), which is 
compafible wifh fhe class of all F-quasi-Leibniz quanfum compacf mefric spaces, 
then: 

Af = Af^. 


inf A (Y) : Y G 
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In summary, the dual Gromov-Hausdorff propinquity is a complete metric on 
the class of Leibniz quantum compact metric spaces, and even F-quasi-Leibniz 
quantum compact metric spaces for a given permissible funcfion F, i.e. an appro- 
priafe choice of a quasi-Leibniz relafion. Moreover, fhe consfrucfion of fhe dual 
Gromov-Hausdorff propinquify can be specialized fo various subcafegories of Lei¬ 
bniz quanfum compacf mefric spaces or F-quasi-Leibniz quanfum compacf mefric 
spaces. Among fhese specializafions, fhe mosf imporfanf is also fhe original mefric 
which we introduced, the quantum Gromov-Hausdorff propinquify. The quan¬ 
fum propinquify answers long sfanding quesfions regarding fhe compufation of 
upper bounds for RieffeTs Gromov-Hausdorff disfance when given sfrucfures we 
call bridges, which are a useful source of Leibniz Lip-norms. Moreover, fhe very 
specific form of fhe Leibniz Lip-norms coming from bridges allow for algebraic 
manipulations, which proved useful when exfending cerfain convergence resulf 
fo mafrix algebras over convergenf sequences of Leibniz quanfum compacf mefric 
spaces [83]. Nofably, fhe dual Gromov-Hausdorff propinquify admifs an alferna- 
five consfrucfion, up fo equivalence and up fo a mild resfricfion on fhe possible 
choices of furmels one may invoke. This alfernafive consfrucfion using exfenfs in- 
sfead of lengfh, is an eleganf way fo handle fhe difficulfies affached to the triangle 
inequality However, it is not compatible with the construction of fhe quanfum 
propinquify. The main lesson from fhese many consfrucfions is fhaf our approach 
is, in facf, very flexible and fhus more likely fo provide fhe framework for fufure 
research abouf noncommufafive analogues of fhe Gromov-Hausdorff disfance. 

We now fum fo examples of convergence for our new mefrics, sfarting wifh fhe 
fundamenfal example of quanfum fori. This example has played a cenfral role in 
our work and fhe general developmenf of fhe fheory of noncommufafive mefric 
geomefry, and even noncommufafive geomefry. 

3.5. Quantum Tori. 

3.5.1. Background. This preliminary subsection contains a brief summary of fhe 
various facfs and nofafions we will use in our work wifh quanfum and fuzzy fori. 

Theorem-Definition 3.59. Let G be an Abelian discrete group, T = {z e C : |z| = 1} 
and cr : G ^ Tbe a 2-cocyle over G, i.e. for all x, y, z G Gwe have: 

o-{x,y)o-{x + y,z) = o-{x,y + z)cr{y,z). 

For any two functions f,g: G —t C with finite support, we define: 

f*a-g:xeG^ f{y)gix - yWiy, x-y). 
y€G 

The vector space Cc(G) of G-valued functions over G with finite support is an associative 
*-algebra for the multiplication *cr and the adjoint operation defined, for all f G Cc(G) 
and X G G by: 

r(x)=7F^. 

Notation 3.60. For any set E, the Hilbert space f'{F) is the space {(xg)ggE : 
YLgQE l^e|^ < equipped with the pointwise addition and scalar multiplication. 
Note that the sum notation is meant for fhe nofion of a summable family. 
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For each g € E we denote by 3g the element of ^^(G) defined as fhe family 
which is zero for all indices in £ excepf af g, where if is one. 

Theorem-Definition 3.61. Let G be an Abelian discrete group and let a be a multiplier 
over G. For every g G G, roe define: 

W ■.Sh=cr{h,g-h)US-^. 

Then g E G is a a-projective representation ofG on £^{G), i.e. 

= (r{g,h)US+'^. 

The map n : f E Cc(G) i—>■ cifaithful *-representation of{Cc{G), * 0 -) 

on fa(G). 

The twisted group C*-algebra C*{G, a) of discrete Abelian group G for a multiplier a 
of G is the norm closure ofn{Cc{G)). 

The C*-algebra C*{G, cr) enjoys two important properties: 

(1) Universality; if g E G ^ VS is a cr-projective representation of G on some 
Hilbert space Jtf, then there exists a *-morphism p : C* (G, n) —t C* ({W : g G 
G}) such that for all g E G we have p{US) = W, 

(2) ifrj is a multiplier of G which is cohomologous to cr then C*{G,r]) and C*{G, a) 
are *-isomorphic. 

Whenever convenient, we will identity Gc(G) with a dense subset of G*(G, n) 
for any discrefe Abelian group G and multiplier n of G. 

Theorem-Definition 3.62. Let Gbea compact Abelian group and let G be its Pontryagin 
dual group. Let a be a multiplier ofG. For all f E Gc(G), g G G and x & G,we define: 

‘sHf){x) = x{g)f{x)- 

The action a ofG extends to C*{G, cr) to a strongly continuous action by ^-automorphisms, 
called the dual action ofG on C*{G, cr). 


Therefore, we now have all fhe needed ingredienfs fo define a sfrucfure of Lei¬ 
bniz quanfum compacf mefric space on fwisfed group C*-algebras of Abelian dis¬ 
crefe groups, using Example (2.9) and Theorem (2.47): 


Theorem-Definition 3.63. Let G be a compact Abelian group endowed with a continu¬ 
ous length function I, and cr a multiplier ofG. For all a E C*{G, cr) we define: 

W-‘sfafa\\c*iG,a 


L(fl) = sup 


Kg) 


:^eG\{l} 


where a. is the dual action of G on C* {G, cr) and where L may assume the value oo. 
The pair (C* (G, cr), L) is a Leibniz quantum compact metric space. 


3.5.2. Finite Dimensional Approximations of Quantum Tori. We established in [45] the 
following fundamenfal example of convergence for Rieffel's quanfum Gromov- 
Hausdorff disfance: 


Theorem 3.64 ([45], Theorem 3.13). Let Geo be a compact Abelian group endowed with 
a continuous length function 1. Let (Gn)neiN ^ sequence of compact subgroups of Goo 
converging, for the Hausdorff distance defined by I, to Geo- 
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If, for all n e INf, roe let Cn be a skeiv-bicharacter of Goo which induces a skew-bicharacter 
of Gn (also denoted by (7„) and such that the sequence converges pointwise to 

some skew bicharacter (Too of Geo, then: 

lim dist((C*(G;),(7„),U),(C*(ao,i7oo),Loo)) =0, 

n^oo 

where L„ is, for all n ^ KU {oo}, the Lip-norm induced on C*{Gn,o'n) by the length 
function I and the dual action ofG„. 

This theorem answers the question raised in the introduction to this chapter: 
we can approximate quantum tori by other quantum tori or even by matrix alge¬ 
bras. However, the quantum propinquity is a stronger metric, and it is desirable 
to strengthen Theorem (3.64) so that it holds for our new metrics, which are better 
adapted to the C’^-algebraic structures. 

The proof of Theorem (3.64) is very involved, and ifs enhancemenf even more 
so. We rafher briefly skefch fhe general idea on how we obfained fhis resulf. Our 
goal is fo indicafe some of fhe ideas involved in proving such fheorems. 

Our proof begins wifh a firsf approximation fheorem: 

Notation 3.65. Let G be an Abelian compact group and ip : G —t IR be continu¬ 
ous. Let a be the dual action of G on C* (G, cr) for some skew-bicharaefer cr of fhe 
Ponfryagin dual G of G. We define: 

cc‘1’ : a e C* ^G, ^ j f{co)ci^{a) d\{co) G C* ^G, , 

where A is fhe Haar probabilify measure on G. 

Theorem 3.66 ([45], proof of Proposition 3.8). Let Goo be a compact Abelian group, I be 
a continuous length function on Goo, and let (Gn)ne]N be a sequence of compact subgroups 
of Goo which converge for the Hausdorff distance induced by I to Goo- We denote by Gn 
the Pontryagin dual groups of G and Gnfor all n G IN*. 

For any n G IN U {oo} and any skew-bicharacter cr of Gn, we denote the norm of 
C*{Gn,cr) by || ■ \\„^o; and we denote the dual action of Gn on C*{Gn,cr) by The 
Lip-norm defined by Theorem (3.63) by the action {Zn,(r on C* (Gn, v) and the restriction of 
I to Gn is denoted by L„^o-- 

lfe>0, then there exists a positive, continuous function (p : Goo —t H and N G IN 
such that: 

(1) For all n ^ N, all skew-bicharacters cr ofG„ and for all a G sa ^C*(G,„cr)^ roe 

have \\a - at,tr(a)\\n,a ^ eU,ir(fl) and Ln,cr(oct,cria)) ^ ln,(r(a), 

(2) There exists a finite subset S of Goo with 0 G S such that, for all n ^ N and any 
skeiv-bicharacter cr ofGn, the restriction of the canonical surjection q„ : G ^ Gn 
is injective on S and the range ofaf is the span of {un^g- : p G <?c(S)} where for 
all p G Gn, the unitary Un^g (s defined in Theorem-Definition (3.61). 

A key feafure of Theorem (3.66) is fhaf, for n large enough and using fhe same 
nofation as in Theorem (3.66), fhe range of is, in some sense, always fhe sef 
finife dimensional vector subspace of CfiG) (neglecfing fhe idenfificafions of fhat 
space wifhin each fwisfed group C*-algebra). Thus, a nafural pafh fo explore is fo 
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use this common space as a pivot space. Unfortunately, such a space will not be 
closed under the Jordan or Lie multiplication — it is only an order-unit subspace. 
However, Rieffel's distance was defined on fhe class of order-unif subspaces wifh 
Lip-norms, so compufafions can be carried forward in fhis seffing. 

This sfrafegy is indeed fhe one we applied in [45]. We fhus have a finife dimen¬ 
sional space fo work on, wifh a sequence of norms and a sequence of Lip-norms. 
As if were, fhe h 5 rpofhesis of Theorem (3.64) precisely ensure fhaf fhese sequences 
have fhe desired convergence properties, fhanks fo a continuous field sfrucfure 
argumenf. Namely: 

Theorem 3.67 ([45], Corollary 2.9). Let Goo be an Abelian compact group endowed 
with a length function I, and let {G„)neM be a sequence of compact subgroups of Goo 
converging to Goo for the Hausdorff distance defined by 1. For all n e IN, let cr„ be a skew 
bicharacter of Goo which induces a skew bicharacter on G„, and such that the sequence 
{crn)neTN Converges pointwise to some skew bicharacter ctoo on Goo- 

Let = Ongwuloo} Gn be endowed with the groupoid structure given by declaring 
that {g,g') e le. {g,g') e is composable, if and only if there exists n E 
IN U {oo} such that g, g' E Gn, in which case, of course, the product of g and g' is simply 
gg' E Gn- Last, let: 

7 '■ (^n{g,g') ifg e G„ for some n e IN U {oo}. 

Tten((c* (Gn,a„) ineFUj oo}^ ,C*(i^, 7 )^ is a continuous field of C*-algebras. 

Now, lef us use fhe nofafions of Theorem (3.64) and Theorem (3.66). Lef e > 0. 
We fhus have an N £ IN and finife dimensional subspace V of so ^C*(Goo, Coo)^, 

such fhaf we may regard 1 / as a finife dimensional subspace of sa ^C* (Gn, En)J for 
n ^ N, and fhus V comes equipped, for all n ^ N, wifh a norm || ■ \\„ and a Lip- 
norm L„. Moreover, from fhe facf fhaf for all a E sa ^C* (Gn, o'n)'j wifh L„(a) ^ 1, 
we have: 

\\a — oifi(a)\\ ^ e, 

we infer wifh a little bif of work fhaf dist(C*(Gn, <Tn), ( V, L„)) ^ e, where we musf 
sfress fhaf fhe nofafion (V, Ln) musf be understood as looking af V wifh bofh fhe 
norm || ■ \\„ and fhe Lip-norm L„. 

From fhe confinuify Theorem (3.67), we can deduce fhaf for all f E V, fhe se¬ 
quences (U(/))„^N and (||/||n)n^N converge fo Loo(/) and ||/||oo. From fhis, if 
is fhen possible fo conclude fhaf limn_j.oo dist((l/, Ln), (V, Loo)) = 0. To prove fhis 
lasf resulf, we require fhe consfrucfion of Lip-norms on 1/ © V which arise from 
confinuous fields of sfafes — fhey possess no nafural cormecfion wifh any mul- 
fiplicafive sfrucfure of fhe underlying C*-algebras. Each step is quife fechnically 
involved. 

While all fhese efforfs do allow us fo esfablish Theorem (3.64), fhey are nof quife 
enough fo conclude a sfronger resulf abouf finife dimensional approximations of 
quanfum fori for fhe quanfum propinquify. Indeed, as we saw, fhey rely on a pivof 
space which is nof a C*-algebra, and Lip-norms which are nof possibly Leibniz 
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even if extended somehow to the underlying C’^-algebras. Much effort must be 
done to fix these issues. 

One approach, proposed by Li [56], uses a rather abstract construction about 
continuous field subtrivialization. For a continuous field (Six : x G X; F) of nuclear 
C*-algebras over some compact space X and with structure algebra F [23], Blan¬ 
chard [12] proved that there exists a Flilbert space and, for all x G X, a faithful *- 
representation tzx of Ax on such that, for all 7 G F, the map x G X h-f 7 rx( 7 (x)) 
is actually continuous in norm. This very strong result then allows us to proceed 
from Theorems (3.66) and Theorems (3.67) and its corollaries regarding continuity 
of fields of Lip-norms to prove that bridges of the form: 


(■^("^t^), Tlco) 


have lengths which converge to 0 , where the ’‘'-representations Tin of C*{Gn,o'n) 
(for n G IN \ { 00 }) are obtained by applying Blanchard's subtrivialization the¬ 
orem to the continuous field given by Theorem (3.67), and where is the 

C’‘-algebra of all bounded linear operators on ^. We are thus led to: 

Theorem 3.68 ([54], Theorem 6 . 8 ). Let Goo be a compact Abelian group endowed with 
a continuous length function 1. Let (Gn),ieiN be a sequence of compact subgroups of Goo 
converging, for the LLausdorff distance defined by I, to Goo- 

If for all n G IN, ice let a„ be a skew-bicharacter of Goo which induces a skew-bicharacter 
of Gn (also denoted by Cn) and such that the sequence {o'„)new converges pointwise to 
some skew bicharacter Coo of Goo, then: 

lim A((C*(G;),£7'„),U),(C*(^,(7 oo),Loo)) =0, 


where L„ is, for aZZ u G IN U { 00 }, the Lip-norm induced on C*{Gn,o'„) by the length 
function I and the dual action of Gn- 


We note that, in addition to quantum tori. Theorem (3.68) may be applied to 
show that the family of noncommutative solenoids is continuous as a function 


X Z 


where 


from the solenoid group to the twisted C’‘-algebras of / 
elements of the solenoids give rise to skew bicharacters in a natural manner, as 
discussed in [55]. 

We propose a different and more explicit proof of Theorem (3.68) where Goo = 
1 / for some d G 1N\{0, l}in [52] based on using the left regular representations 
given by Theorem (3.61), instead of the subtrivialization representations, which 
may be less natural. Our bridges in this setting are quite different since their pivot 
are trace class operators. 

While the proof in [52] is too technical to be summarized effectively, we wish 
to provide a sense of the use of the pivot element of bridges in the definition of 
the quantum propinquity. Indeed, in [52], we use the pivot element to promote a 
convergence in the strong operator topology to a convergence in norm. 

We begin with some notations taken from [52]. 
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Notation 3.69. Let M* = F \ {0,1}. Let IN* = IN* U {oo} be the one-point com- 
pactification of IN*. For any d G IN* and k = (fci, ^ 2 ,..., G IN^, we set: 

d 

kZ‘‘ =YlkjZ and zf = ^ V kZ‘^, 

1=1 

with the convention that ooZ = {0}, so that Z^^ = Z‘^. The Pontryagin dual 

of Zf is denofed by Vf. In particular, if fc G fhen Zf is finife and fhus self¬ 
dual. However, we shall always consider as a compacf subgroup of fhe d-forus 
ipd _ where HI = {z G C : |z| = 1} is fhe unifary group of C. 

Our bridges befween quanfum fori, and more generally fwisfed group C’^-alge- 
bras of finife producfs of cyclic groups, will be of fhe form n,p^ 

where n and p will be non-degenerafe faifhful representations constructed from 
leff regular represenfafions of fhese algebras. More formally: 


Notation 3.70. Let d G M* and k = (fci, ■■■ ,k^) G F*. Let: 



2 


l-k, 


+ 1 ,.. 


kj-1 


We observe that, by construction, the set: 

(3.5) = {4 + w : M e fez'll 

is a partition of Z‘^. This is nof fhe parfifion of Z"^ consisfrng of fhe franslafes of 
the usual standard domain of Z‘^ by kZ'^, buf we will find if a bif more conve¬ 
nient (though one could, at the expense of worse nofafions lafer on, work wifh fhe 
sfandard parfifion of Z‘^ in cosefs of kZ'^). 

Fix d G F* and k G F^ . The canonical surjection : Z‘^ ^ Z^ resfricfs fo a bijec- 
tion from 4 onto Z^. We fhus can define an isomefric embedding ^Z^ j > 

f-{Z‘^) by seffing for all f G ^Z^^: 


(3.6) 


m) -neZ^ 


^iqkin)) if n G 4 
0 ofherwise. 


Since is an isomefry by consfrucfion, is fhe identify of ' Therefore, 

for all skew bicharacfer a of Z^, fhe map dj- TZk^g- (■) is a non-unital “^-represenfafion 
of C* {z'^,(T^ on i^{Z‘^). To consfrucf a non-degenerafe represenfafion (or, equiv- 
alenfly unital "^-monomorphisms), we proceed as follows. Since defined by 
Equation (3.5), is a partition of Z'^, we have fhe following decomposition of £^(Z'^) 
in a Hilberf direcf sum: 


(3.7) f{Z^) = 0 spanjey : ; G 4 + «} 

with (pyOjg^d the canonical basis of f-{Z‘^) given by em{n) G {0,1} and em{n) = 1 
if and only if n = m, for all m, n G Z'^. Note that the range of is spanjey : j G 4} • 
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For all n e k'l/, let 

Un : spanjgy :e 4} —^ spanjey : e 4 + ”} 
be the unitary defined by extending linearly and continuously the map: 


ej e {em :melk} '—t ey+„. 

We now define: 

Notation 3.71 ([52], Notation 4.1.2). Let d G IN* and k G IN*. Let n be a skew- 
bicharacter of and pj^ g- fhe represenfafion of ^ '^k) ' *K(T' *) de¬ 

fined by Theorem (3.61). 

Lef f G and wrife f wifh G spanjcm ‘-m ^ l^ + ;}. Such a 

decomposition is unique by Equafion (3.7). Define for all a G C* (Z^, a ): 

(3-8) 7r;t,,r(«)?= E 

jekZ'^ 


which is well-defined since \\undifPi^^g{a)i}’^u*^j \\2 ^ ||fl||i-,tr ||?/||2 for all ; G kZ‘^, 
andEygitzd UjWi = ll^lll < oo by definition of 4 

If is easy fo check fhaf fhus defined is a faifhful, non-degenerafe (i.e. unifal) 
’‘■-represenfafion of £*{1^^, cr) on which acfs "diagonally" in fhe decompo¬ 
sition of given by Equafion (3.7). 

The represenfafions 7r,t,o- for A: G IN* and a a skew bicharacfer of will be fhe 
maps used fo defined our bridges, whose ambienf space will always be .^(^^ (Z'^)). 

Lef B be fhe space of skew bicharacfers of Z"^ wifh fhe fopology of poinfwise 
convergence. We nofe fhaf, for any / G Cc(Z‘^), fhe map cr G B i—> n^d g-{f) is nof 
continuous in norm, though it is continuous for the weak operator topology. Thus, 
if a; is a frace class operator on ^^(Z'^), then cr G B i-> n^d ^if)^ becomes norm 
continuous. This motivates us to choose a trace class pivot. 

However, the bridge norm will be of fhe form |||7rj-p-(-)ar — ct;7rj-/_(*/(-)|||, and 
cr G B H-> con^d g-{f) is nof confinuous in norm eifher in general, even if to is frace 
class. Thus, we wish fo commufe our pivof wifh one of fhe represenfafion. We 
fhus begin wifh fhe following fheorem: 


Notation 3.72. Letd G IN*. Let (A„) 
indexed by Z"^. The operator Diag 
all n G Z4 


Ar 


■d be a bounded family of complex numbers 
n G Z'^ on ^^(Z'^) is defined by setting for 


Diag 




n G 


6n — AriCn 


where (en)„g^ii is the canonical Hilbert basis of 

Notation 3.73. Eor any d G IN* and any n = {ni,. ..,nj) G Z‘^, we define: 


W\ = E l”/l- 

We nofe fhaf | ■ | fhus defined is fhe lengfh funcfion on Z'^ associafed wifh the 
canonical generators of Z‘^. Thus, in particular, for any «, m G Z'^ we have | |m| — 
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Notation 3.74. For any d e IN*, and for any k = (fci,..., G IN*, we denote by 
Ak the element of IN* defined as: 


Ak = min{|n| : n ^ = min 




+ 1 . 


Notation 3.75. Let M, AT G IN* be given. We define, for all d G IN*: 

{ 1 if \n\ ^ N, 

ifN<|n|^M + N, 
0 ofherwise. 


Theorem 3.76 ([52], Theorem 5.1.5). Let d G IN*, k G IN*, and a a skew-hicharacter of 
Let N, M G IN* such that N + M < Ak. Define, using Notation (3.75): 


= Diag 


WN,M{n) 


n^T. 


d 


Then is a finite rank operator such that, for all m G 4 C we have: 





(Qi 



where :TI^ ^ Z^ is the canonical surjection and rCcfi is given by Notation (3.71) for 
all{c,e)eEf 


Now, we will choose a pivof of fhe form given in Theorem (3.76), because fhis 
very fheorem will allow us fo bound fhe reach of fhe resulting bridge. To bound 
fhe heighf, however, requires anofher fool, given by our nexf lemma. 

Lemma 3.77 ([52]). Let nj'*' be the set of all positive trace class operators on of 

trace 1. For any A G , we define: 

1 / 1,4 : T G I—^ fr(Ar). 

Let a be a skew-bicharacter ofTI^ and I be a continuous length function on Let e > 0. 

There exists N G IN and a finite set (Jjv of £,f such that: 

HauSmkL , i^A o ^ e S'n}) ^ e 

l.ood^o- 

and 

VA G PnAPjv = PnA = APn = A 

where Pj^ is the projection of span of {e„ : \n\ ^ N},with (en)„g^<i the 

canonical Hilbert basis of f- ■ 

Now, we proceed, informally, as follows. For a given e > 0 and a given skew 
bicharacfer a of Z‘^, we use Theorem (3.66) fo gef a Fejer kernel tp : Tf ^ 'R and 
a neighborhood U of oo‘t in IN* such fhaf fhe maps have a common, finife 
dimensional range when resfricfed fo fhe self-adjoinf parfs of C* (Z^, rj) for k (z U 
and q any possible skew bicharacfer. 

We also use Lemma (3.77) fo obfain a projection P so fhaf fhe sef: 

{fr(A7r,^d ^(■)) : A is frace class, AP = PA = A} 
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is e-dense in (^(C*(Z‘^,cr)), mki_ ). 

We now use the combination of these two observations and the construction of 
confinuous fields of sfafes so fhaf: 

{fr(A7r^^(-)) : A is frace class, AP = PA = A} 

is 6£-dense in (c5^(C*(Z^, ff))/ for k in some neighborhood of 00 “^ and r] any 

skew-bicharcater. 

We fhen use fhe facf fhaf our pivof commufes wifh P fo show fhe heighf of 
our bridges is no more fhan 6e. On fhe ofher hand, fo compufe fhe reach, we use 
again fhe confinuify of fhe norm and Lip-norms, fhe facf fhaf our pivof is frace 
class — which allows us fo exploif weak operafor convergence and furn info norm 
convergence as explained above, fhanks fo fhe commufafion properfy of Theorem 
(3.76). All puf fogefher, we obfain fhe desired esfimafes and conclude again fhaf 
Theorem (3.68) holds for quanfum fori, albeif with more natural representations 
than the general technique. 

While very involved, this method actually produces fairly explicif objecfs. The 
efforf needed fo develop fhe fechniques in [52] are mofivafed by two goals: firsf, 
thaf fhese mefhods can be exfended fo many ofher cases. Second, as our research 
moves foward undersfanding modules over Leibniz quanfum compacf mefric spa¬ 
ces which converge fo some limit for fhe quanfum propinquify fhe explicif con- 
sfrucfion in [52] gives us hopes fhaf we may carry some compufations in a rela- 
fively concrefe seffing. Anofher example of such large efforfs dedicafed fo obfain 
fairly explicif proofs of convergence in fhe mefric sense can be found in [76, 77, 79]. 

3.6. Matrix Converging to the Sphere. Another fundamental example of conver¬ 
gence in noncommufafive mefric geomefry is given by mafrix approximafions of 
fhe C*-algebra C(S^), where is fhe 2-sphere {{x,y,z) + y^ + = 1}, 

as sfudied by Rieffel [73, 75, 76, 78, 77, 83]. In [73], C{S^), wifh an appropriafe 
mefric, is shown fo be fhe limif of mafrix algebras for RieffeTs quanfum Gromov- 
Hausdorff disfance. In subsequent works, motivated by his work on vector bun¬ 
dles over in [75], Rieffel explored fhe problem of modifying his original con- 
sfrucfion so fhat convergence would only involve sfrong Leibniz Lip-norms. Even- 
fually, fhis work mofivafed our own [54, 52, 48]. Now, our mefric plays an in- 
feresfing role in fhe mosf currenf developmenfs on finife dimensional approxima¬ 
fions of C(S^), which can be made sense of using fhe quanfum Gromov-Hausdorff 
propinquify, which the benefit of exfending to matrix algebras over C(S^) [83]. In 
this section, we follow [83] and summarize fhe consfrucfion of finife dimensional 
approximafions of C(S^). 

RieffeTs setup begins with a compact group G and an irreducible unitary repre¬ 
sentation Lf of G on some Hilberf space necessarily finife dimensional [23]. If 
93 is fhe C*-algebra of all linear operafors on and if we sef aS (T) = USTUS 
for all T G 93 and g G G, fhen a is an ergodic action of G on *B — since U is 
irreducible. 

Thus, if we choose a confinuous lengfh funcfion I on G, fhen by Theorem (2.47), 
we may define a Lip-norm L[j on 93 via a. In fhis secfion, we will assume fhat I is 
invariant via conjugation. 
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Now, let P G S be a rank one projection, and let: 

H = {ge G:ciS{P) =P}. 

The C*-algebra 21 = C /h) of tho continuous functions on the homogeneous 
space G / H is endowed with a Lip-norm obtained via the natural action of G 
on G /pf, and fhe lengfh funcfion I on G, again as in Theorem (2.47). Alfemafively, 
Lgi is fhe usual Lipschifz seminorm induced on 21 via fhe quofienf mefric of I on 
^/H- 

Thus, we have fwo Leibniz quanfum compacf mefric spaces: (2t, Lgi), which 
is a commufafive space wifh a classical sfrucfure, and (18, L®), which is a finife 
dimensional Leibniz quanfum compacf mefric space. 

The Berezin symbol of T G *8 is fhe funcfion: 

o-T-g^^/H p^tr(Ta^(P)) 

where, by abuse of nofafion, for any g G ^ /Hr we denofe by a^(P) fhe value of 
ix^{P) for any 1; G G such fhaf hH = g. We use fhe nofafion fr fo refer fo fhe usual 
frace on *8 whose value on fhe idenfify of 18 is dim^ The Berezin symbol is 
a posifive linear map of norm af mosf 1 and equivarianf from fhe action a fo fhe 
action of G by leff franslafion on G / pj. 

If we endow 18 wifh fhe irmer producf T, P G 18 i—t gj^fr(R*r), and if we 
regard n as a confinuous linear operafor from 18 fo (G/pf/P)/ where p is fhe 
G-invarianf probabilify measure on G /pj for the action of G by leff franslafions, 
fhen a has an adjoinf denofed by a in [73]. An explicif formula for fhis quanfizafion 
map is: 

n : / G (G /H, p) dim L /(g)a^(P) dy{g), 

/ H 

again wifh fhe same abuse of nofafion as before for a^(P) where g E ^ /H- 

Thanks fo fhe equivariance of a and a, we nofe fhaf for all T G 18 we have 
L 2 i(nT) ^ Lb(T) and for all/ G /HrV) we have L®(n(/)) < La]/). Thus if 

would be nafural fo build a bridge using fhe maps a and a — fhough fhese maps 
are nof multiplicative, so fhis requires some additional work. 

None fhe less, Rieffel used a and a in [73] fo derive esfimafes on how far (2t, Lgi) 
and (18, Lfg) are for fhe quanfum Gromov-Hausdorff disfance. 

We now see how fo use fhe above framework fo build approximations of C(S^): 
we would consider G = SU{2) above. More generally, we assume henceforfh 
fhaf G is a semisimple compacf Lie group endowed wifh a conjugafion invarianf 
lengfh funcfion I, and we begin by choosing U^, as above, an irreducible unifary 
represenfafion of G on some Hilberf space Lef ^ be a normalized vecfor of 
highesf weighf associafed wifh Lfi and P be projecfion Pi on fhe space Cf. We lef 
(®1/ L*8 i) be fhe Leibniz quanfum compacf mefric space consfrucfed as above on 
fhe mafrix algebra 18i of all linear operafors on Mi. 

For every n G IN, n ^ 1, we now lef G , and we denofe by Un 

fhe irreducible unifary represenfafion of G obfained by resfricfing Lf®” fo fhe Uf” 
invarianf subspace Mr generafed by We nofe fhaf fhis new setup also matches 
our general description above, so we may carry out the same construction, obtain¬ 
ing a Leibniz quantum compact metric space (18^, ) where 18n is the C*-algebra 
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of all operators on ^n, and we choose for our projection the projection on Cfn- 
A key observation is that the stabilizer subgroup of Pi and P^ are the same H for 
all n e IN. Thus a = C (G in the above construction, is always the same 
classical space. 

Rieffel proved the following in [77]: 

Theorem 3.78 ([77], Theorem 9.1). Using the construction described in this section, we 
have: 

lim prox((a, L^), (*B„, L® J) = 0, 

n^co 

where prox is Rieffel's proximity. 

Consequently, by [48, Theorem 5.5], we also have: 

(3.9) lim A*((a,L 2 i),(*Bn,L>B„)) =0. 

n—>oQ 

We also note that in [76], Rieffel showed that the above sequence (95,,, L®„ )neiN 
is Cauchy for prox — as prox is not known to satisfy the triangle inequality, this 
fact does not follow from [77, Theorem 9.1]. However, more is actually proven in 
[76]: indeed, Rieffel in fact proved that (95n, is Cauchy for the quantum 

propinquity, though not in these words as we had yet to introduce our metric. In 
fact, Rieffel points out that the sort of constructions he carried out in [76] did not 
give a priori easy estimates on the quantum Gromov-Hausdorff distance. This 
matter is resolved with our work on the quantum propinquity [54]. Since the 
dual propinquity is complete and dominated by the quantum propinquity, we 
thus have another proof of the limit in Expression (3.9). 

In [83, Theorem 6.8], Rieffel proves that in fact, (C (G /pj), L^) is the limit 
of (®,„ for the quantum propinquity. More importantly, Rieffel extends 

this convergence to matrix algebras over C (G / jp) in [83, Theorem 6.10], in the 
following sense. If (21, L) is any Leibniz quantum compact metric space then there 
is a natural extension of the notion of Lip-norms to matrix algebras Mjt(2t) over 21, 
by applying L to every matrix entry of an element in 911^(21). In [83], the notions 
of a bridge and its length are extended to this setting, and is shown to converge to 
0 when applied to the example described in this section, for a fixed A: € M. 

Thus the quantum propinquity appears as a natural tool in the study of conver¬ 
gence of modules, and future work will hopefully carry this project to fruition. 

3.7. New Results on Perturbations of the quantum metrics and the Quantum 
Propinquity. 

3.7.1. A simple perturbation lemma. A simple application of the quantum Gromov- 
Hausdorff propinquity is to provide a framework for discussing perturbations 
of the metric structure of Leibniz quantum compact metric spaces. This section 
presents results concerned with perturbation of the metrics, and which are new to 
this survey. We present a new lemma which simplify some computations for the 
quantum propinquity, and then, three new examples of applications: continuity 
for conformal deformations of spectral triples, continuity for another type of per¬ 
turbation of spectral triples, and last, a generalization to the quantum propinquity 
of our result on dimensional collapse for quantum tori [45]. 


QUANTUM METRIC SPACES AND THE GROMOV-HAUSDORFF PROPINQUITY 


71 


Lemma 3.79. Let F be a permissible function. Let (2t, Lgt) and (* 8 , L®) be two F-quasi- 
Leibniz quantum compact metric spaces. If there exists a bridge 7 = (2), n^, 7 r®,ai) 
from ( 21 , Lg;) to (25, L®) with ||ai|| 2 ) ^ 1 and <5 > 0 such that: 

(1) for all a G dom(L 2 j) there exists b e sa (®) such that: 

ma.x{\\n^{a)u; - cx}n<s{b)\\s,\L^{a) - l<B{b)\} ^ ^La(fl), 

(2) for all b G dom(L®), there exists a G so (21) such that: 

max{||7ra(fl)a;-ai7r<B(^i)||2),|La(a) - L®(fc)|} < JL®(b), 

then: 


AF((a,L2i),(25,L25)) < 

max 1'^ ^ {diam (.5^(21), mki_ 2 |),diam (.5^(25), mkL^) , 

C (tILsI/ L®)} . 

Proof. Let R > ^ maxjdiam (.5^(21), Lgj),diam (.5^(25), Lrg)}. Let a G sa (2t) with 
L 2 i(a) ^ 1. Then there exists b G sa(25) with ||7T2i(a)ai — con<Q{b)\\^ ^ d and 
L® (^^) ^ 1 + (5. Thus: 

' f ^ 1 , 


-® 


<5 + 1 


so by [71, Proposition 2.2], we conclude that there exists t G II such that: 

1 


<5 + 1 


b-tl 


<3 


+ R. 




Thus: 


7ra(a)a; - co7z<s 


^ ||7T2t(a)<U — tUTT® 


s 


s 


-b - tl 


3 




3 


<5 + 1 

^^(1 + R). 

while L® + 1<51®^ ^1- The result is symmetric in (21, Lgt) and (*8, L®). 

Thus by Definition (3.54), our lemma is proven. □ 


In particular, a consequence of Lemma (3.79) is: 

Proposition 3.80. Let (2t, Lgi) and (*B, Lqj) be two F -quasi-Leibniz quantum compact 
metric space for some permissible function F. If a: : 21 —t 25 is a S-bi-Lipschitz *- 
isomorphism for some <5^1, i.e.: 

5 O TT ^ Lgj ^ <5L2S O Tl, 

then: 


A((2t,La),(»,Laj)) 

^|1-<5| 


maxjdiam (+^(2t), mkLgj),diam (.5^(21), mkL^)} 
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Proof. Indeed, we simply consider the bridge (05, id®, tt, 1®) and note that for all 
b e dom(L®) we have \\b — 7T(7T”^(fo))||® = 0 and {b)) ^ (5L® {b) so: 

\L^{b)-L^{n-Hb))\ = {l-5) L^{b). 

The computation is symmetric in 2t and 05, and thus our result follows from our 
Lemma (3.79). □ 

We nofe fhaf fhe Leibniz property does not play any role, but the lower semicon¬ 
tinuity is used in translating the bi-Lipschitz property in terms of fhe Lip-norms. 

3.7.2. Perturbation of the metrics from spectral triples. We now propose a couple of 
ofher examples inspired by fhe noncommufafive geomefry liferafure. We begin 
wifh small perfurbafions of a conformal t 5 rpe, as in [19,69], which leads fo fwisfed 
specfral friples. This resulf borrows from Example (2.8) and Example (2.26). 

Theorem 3.81. Let Qlbe a unital C*-algebra, n a faithful unital *-representation of^ on 
some Hilbert space and D be a not necessarily bounded self-adjoint operator on 
such thatifL : a G sa (2t) i—|||[D,7T(fl)]||| then (21, L) is a Leibniz quantum compact 
metric space. 

Let GLip(2t) be the set of all invertible elements h in sa (21) with L{h) < oo. For any 
h G GLip(2t), we define D^j = n{h)DTz{h), ct), : a G 2t i—>■ h^ah~^ and: 

L}i : a e sa (21) i—>■ |||D;,7T(fl) — 7i{crfj{a))Dij\\\. 

Then (2t, L;,) is a {^\\h^\\^\\h~^\\^,0)-quasi-Leibniz quantum compact metric space 
and moreover, if [hnjne'^ ^ sequence in GLip(2t) which converges to h ^ GLip and 
such that: 

lim L(hf^h) = lim L(h„h~^) = 0, 

n->-oo n-^oo 

then: 

lim Amo ((21, U ), (2t, L;,)) = 0, 

n—foo 

where M.-^ sup^^j, WKlkWK^^- 

Proof. Eix h,w £ GLip and denofe n{h) by k and tz{w) by m. 

To simplify nofafion, for all a £ % we wrife: 

[Df,, n{a)]f, = DhTzja) - tt o cr,,(fl)D;,. 

We nofe fhaf L and L;, are defined on 2t, as long as we allow bofh of fhese semi¬ 
norms fo fake fhe value oo. Moreover, if a, b G 21 fhen: 

Lft(ab) = |||[Dft,7r(flb)];,||| 

= ll|C>?,7r(fl)7r(b) - n{aifa))n{aifb))Dh\\\ 

^ |||D;,7r(a)7r(b) - 7i{crf,{a))Dh7i{b)\\\ 

+ ||k(G,(«)D;,7r(b) - n{crh{a))n{crh{b))Dh\\\ 

^ \-h{a)\\b\\^ + \\o-ifa)yLlfb). 

Thus, in parficular, L;, is quasi-Leibniz for fhe permissible function: 

F : {x,y,lx,ly) £ [0,oo)^ i— \\h^\\^\\h~^\\^xly + yh 

where we nofe fhaf ||b^|| 2 i||b“^|| 2 i ^ 1 indeed. Of course, fhe same holds for La, 
(fhe quasi-Leibniz relation depends on fhe choice of h and w, however we can 
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find a uniform quasi-Leibniz properfy applicable fo any sequence safisfying our 
fheorem, as we shall see lafer on). 

Lasf, we nofe fhaf for all a e GLip(2l) we have: 

0 = [D,l2l] = [D, n{a)n{a)~'^] 

= [D, 7r(fl)]7r(fl)“^-I-7r(fl)[D, 7r(fl)“^] 

fhus [D, 7r(fl)“^] = — 7r(fl)]7r(fl)“^, and fherefore: 

Thus L is a strong Leibniz Lip-norm [77], which we will need lafer on. 

We begin wifh a simple compufafion for all a G 21: 

[Dh,Ti{a)]h = [kDk,n{a)]h 

= kDkn{a) — k^Tz{a)k~'^kDk 
= k{DkTi{a)k~^ — kTi{a)k~^D)k 

= km~^ {mDmm~^kn{a)k~^m — mkTz{a)k~^m~^mDm)m~^k 
= km~^[mDm,m~^kTz{a)k~^m]yjm~^k 
= km~^[Dm, '^{^~^hah~^w)]iom~^k. 

Lef r® = diam (.5^(21), mki_J for all w G GLip(2l) and lef a G sa(2l) wifh 
L(fl) < 00 . By [71, Proposifion 2.2], for all fl G sa (21), fhere exisfs f G IR, such fhaf 
||fl - flsilk ^ Pa;Li„(fl). Thus: 

|||[D?„7r(fl)];,||| = |||[A:Dfc,7r(fl-fl2i)]||| 

= km~^ [niDm, m~^kn{a — tli}i)k~^m]^vm~^k 
^ \\iv~^h\\^Lu,{zv~^h{a — tl<2i)h~^zv) 

+ \\w'^\\^\\w~^\\^\\w~''^h\\^\\a - n\\^Lzu{h~^zu)'j 

+ \\o-zv{iv~''-h)\\s2ilw{a)\\h~'^‘w\h 

^ lzv{a)\\iv~'^hf (^ri„U(w“^lz)||/z"^zi7||2i 

-krz«||w|||||w"^||aU(/i~^zp)||w"^/i||2i) ■ 

In particular, we have shown fhaf: 

L(fl) < \\w~^\\i^Liv{w~^aiv) 

for all zv G GLip(2l) and all a G sa (21), in fhe fhird line of fhe previous chain of 
expressions (seffing h = Igi). Lef = ||a;“^|| 2 i- 
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Let us denote the image of E C 2t in ^ by E /. 

The set G so (21) : L(fl) ^ Cw} is bounded in norm by C^r and totally 

bounded. Since L(fl) = L(fl*) for all a G 21 by consfrucfion, as D is self-adjoinf, we 
nofe fhaf if L(fl) ^ Ca; fhen: 

L(K(fl))VL(5(fl)) ^Ca; 

where 3?(fl) = and S(fl) = Thus, fhere exisfs f, f' G IR such that: 

\\a — (f + ff^)l2t||a = II — flsi) + K^{^) ~ Ha ^ VlCwr. 

So, the set {« G 2t: L(fl) ^ Cw} j is bounded in norm by spiCwr, and easily 
checked to be totally bounded as well. 

Since: 

{fl G 2t: Lwi'u>~^aw) ^ 1} C {a g 21: L(a) ^ Ca;} 
we conclude that: 

{fl G 2t: Lw{w-'^aw) ^ 1} 

is bounded in norm by 'jT.Cwy, it is also totally bounded. Now, since rj : a 
w~^aiv is a unital continuous automorphism of 2t, if induces a continuous linear 
aufomorphism of 21 /, and fhus maps fofally bounded sefs fo fofally bounded 
sefs; moreover since fhe norm of t] is at most || k;|| a || || a/ we conclude that since: 

[a G sa(2t) : Lw{a) ^ 1} = rj {{waw-'^ : Lu,{a) ^ 1}) / 

= ;/({fl G sa(21) :Lwizv-^aiv) ^1}) 

the set S so (21) : La)(fl) ^ 1}/Cla is totally bounded and bounded in norm 
by: 

y/l\\w\\^\\w~'^\\<^Civr = V2||H;||a||w"^||a?'. 

Thus Vzo ^ 2-v/2||K;||a||w“^||a?'- 

We have established that (2t, La,) is a (||zi’||al|ii’~^ ||a, O)-quasi-Leibniz quantum 
compact metric space by Theorem (2.43), using Notation (3.38). 

Let: 

f{h,w) = ( 2 V 2 \\w\\i 2 i\\w~^\\^Lzz,{w~^h)\\h~^zv\\<}i 

+ ||Ga,(ro"^/j)||a||E"^K;||a 

-F2V2||a;||a||w"^||all^^llal|w”^l|aU(l!"^if)||w“^E||a) , 

and 

g{h,Tv) = max{f{h,w),f{w,h)} - 1. 

We have thus shown that for all a G sa (21) and any h G sa (21) invertible, we 
have: 

C(«) < /(/j,w)U(fl), 

and fhus: 

m(fl) - La,(fl)| = Lh{a)g{h,'w) and \ lh{a) - La;(fl)| ^ Lw{a)g{h,w). 


QUANTUM METRIC SPACES AND THE GROMOV-HAUSDORFF PROPINQUITY 


75 


We thus may apply our Lemma (3.79) to obtain: 

A*((a,L,,),(2t,U)) 

^ g{h,w) ^ {diam (.5^(21), mki_^),diam (o5^(2t), mk^^) 

^ g(/z,w) ^1 + ^max{r;i,ra;}^ 

^g{h,w) (l + r\^max{\\hy\\h-^\\^,\\w\\^\\w-^\\^}^ . 

Now, in particular, we have: 

(3.10) Lzu{zv~^h) ^ f{w,li^)L{w~^h) andL}j{iv~^h) ^ f{h,l<2i)L{iv~^h). 

Let (lzn)ne]N be a sequence as given in our theorem. Then: 

(1) (ll^nll 2 l)neiN is bounded, since convergent, and since the limit of {hn)ne¥S 
is invertible, we also have (||/i,7^||2i)neiN convergent, hence bounded. Let 
M e R such that for all n e IN, we have ||lz^||a||li^^|| 2 t ^ Ad. 

(2) Since: 

L(/z-i) ^ L(/z-11z)||/i-1||2( + \\h-^hyi{h-^), 

and since is convergent, hence bounded, we conclude that 

(L(/z“^))„g]N is bounded. Since L is strong Leibniz, i.e. 

L(ll,0^ll^n||iiL(ll-l), 

we conclude that {L{h„))„^^ is bounded as well, 

(3) Hence if{hn, la))n€iN is bounded as well. 

(4) Thus, L/j and {h~^h) both converge to 0 by Expression (3.10). 

Consequently, again using the boundedness of (||iJn||a)neiN arid (||A“^|| 2 i)neiN/ 
we conclude fhaf: 

hm \\h-^hf (2V2||/z„||2i||/z-3i|2iL,„(/i-i/i)||/i-ili„||2i) = 0 

and 

with similar null limits when h and hn roles are reversed. 

Moreover by continuity: 

lim (7k{h~^h) = C7'(l2i) 

n—>oo 

and thus we have shows that: 

lim f(hn,h) = 0. 
n^oQ 

On the other hand: 

hhniK^'^^) - crh{K^h)\\^ ^ \\hlh-'^hh-^ - h^h:^'^hh-^^ 

= \\hnhh~^ - h2h~'^h~'^\\^ 

? 7—)-00 Q 

Thus limn->oo Hcr;,^ ||a = 1 arid we conclude: 
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lim f(h„,h) = lim f(h,h„) = 1. 

n^oo-' n^oa-' 

Thus g{h,hn) = 0 and consequently: Hence: 

lim AM,o((2l,L;,),(a, U )) = 0. 

n—>-00 

This concludes our proof. □ 

Another approach to metric fluctuations is given by the following example. 

Proposition 3.82. Let ^bea unital C*-algebra, n a unital faithful *-representation of% 
on some Hilbert space M’, and D a self-adjoint, possibly unbounded operator on M’ such 
that if: 

L : fl e 2ti—^ |||[D,7r(fl)]||| 

alloivingfor L to assume the value oo, then (2t, L) is a Leibniz quantum compact metric 
space. 

Let *8 be the C*-algebra of all bounded linear operators on M’. 

For any a; G so (tB) on M’, we define: 

Da, = D-Leo and La, : fl G 21|||[Da;, 7r(a)]|||. 

The pair (21, La,) is a Leibniz quantum compact metric space for all bounded self-adjoint 
CO on and, moreover: 

a; G so (05) ^ (21, La,) 

is continuous for the quantum Gromov-Hausdorff propinquity A. 

Proof. Let a G so (21). By [71, Proposition 2.2], for any co, co' G so (18) and t G R: 

|La,(fl) - La,'(fl)| = |La,(fl - flgi) “ La,/(fl - tlai)] 

= ||||[D+ a;,7r(fl - fl2t)]||| - ||| [D + m', 7r(fl - fla)] ||| | 

^ 111 [m — m', 7r(fl — tla)] 111 

< ||a; — m'll®||fl — tlgilla. 

Since (21, L) is a Leibniz quantum compact metric space, there exists t G IR such 
that \\a — flallai ^ rL{a) where r = diam (.5^(21), mk|_). Thus: 

{a G so (21) : La,(fl) ^ 1} C {o g so (21) : L(fl) ^ 1 + r||a;||® } 

and thus {a G so (2t) : La,(fl) ^ 1} is totally bounded up to scalars, so (21, La,) is a 
Leibniz quantum compact metric space as well. 

Let Fa, = diam (c5^(2t), mki_^) ^ 1 + r||ai|| 2 i- For all a G so (2t), there exists 
t G R such that \\a — flalla ^ ?'a,La,(fl) and thus: 

|La,(fl) - La,'(fl)| ^ ra;La,(fl)||a;-a;'||®. 

We obtain a symmetric result by switching co and co'. 


QUANTUM METRIC SPACES AND THE GROMOV-HAUSDORFF PROPINQUITY 


77 


Now, a direct application of Lemma (3.79) shows that for all co, co' G sa (®): 
A((2t, U), (21, L^/)) ^ max{ra;,ra;'}||‘^ 

+ - max |diam (j^(2t), mkL^),diam ^=5^(21), 

^ (1 + rmax ||m||®, ||a;'|| 2 [)||a; — ai'||® 

(l + rmax{l + r||a;||(B,l + rHoi'H®}) . 

Our proposifion follows immediately. □ 

Another example of perfurbafion of specfral friples is given by curved noncom- 
mufative fori, infroduced by D^browsky and Sifarz [21, 22]. The confinuify prop¬ 
erty of fhese perfurbations with respect to the quantum propinquity is studied by 
the author in [51]. 


3.7.3. Perturbation of the length functions for Lip-norms from ergodic actions. In [45], 
we showed that we can collapse quantum tori of fhe form C* (Z'^, cr) to quantum 
tori of fhe form C* (Z'^, rj) where r < d, i.e. observe a noncommufative form of di¬ 
mensional collapse. This phenomenon is also presenf wifh fhe quanfum Gromov- 
Hausdorff propinquify. The following proof borrows from [45, Theorem 4.4] and 
uses our Lemma (3.79), while illusfrafing anofher form of mefric perfurbafion. If 
should be observed fhaf all fhe Lip-norms in fhis resulf are Leibniz. 


Theorem 3.83. Let a he a strongly continuous action of a compact group G on a unital 
C*-algebra 21 such that: 

{a G sa(21) : Vg G G ix^{a) = a} = Cla- 
For all n G IN, let In be a continuous length function on G and M > 0 such that: 


sup diam {G,ln) ^ M. 

neIN 

Let Li be a closed normal subgroup ofG and K = G [ ipbe the compact quotient group. 
Let l'^ be a function on G such that: 

{geH:lUg)=0}=H. 


Let: 

21i<c = {fl G 21 : Vg G H oc^{a) = a} 

be the fixed point of a restricted to H, and denote the quotient map from GtoKby gin<S i—t 
[g] G K. Let xk be the action ofK induced by a on 21^c via: 

x^^\a) = a^(a) 


for all a G 21j^. 

Note that if we set loo([g]) = I'caig) S ^ ^ define a continuous length 

function on K. Let Loo be the Lip-norm induced on 21^ by and Zoo via Theorem (2.47). 
Similarly, for tiZZ n G IN let L„ be the Lip-norm on 21 induced by a and In via Theorem 
(2.47). 

Denoting the unit of G by e, if: 


lim sup 

n—)-oo 


Us) 

^n(g) 


gG G\{e}| 


= 0 
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then: 


lim A((21, L„),(2tK, Leo)) =0. 


Proof. We begin by checking that Zoo is indeed a continuous length on K. If [y] = 
[y'] for fwo g,g' & G then there exists Zz e H such that gh = g'. By assumption: 

Ug') = Ugh)^Us) + Uh) = Ug) 

= z^(g'zz-i) ^ I'M') + = I'M')- 

and thus I'ooig) = ^'oo{g')- Thus Zoo is well-defined. If is fhen easy to check that Zoo 
is a length function on K. 

By assumption, for all u e IN we have: 


-4|Ic(g)^ sup M) 

geG\{e} 


1 - 


I'M) 


M) 


^ supdiam (G, Zj.) 
fcew 


1 - 


Ug) 


M) 


we conclude by assumpfion fhat (Zn)neiN converges fo Z^ uniformly on G. Thus l'^ 
is continuous on G. Consequently, Zoo is continuous on K (see [45, Lemma 4.1] as 
well). 

We define the expected value: 


E : fl e 2t I —f 0iS{a)dji{g) 

J H 


for all fl £ 2t, where pi is the Haar probability measure of G. By consfruction, since 
E(a^ (a)) = E(fl) for all a £ 21 and g & H, we conclude thaf E is valued in 2tjc. It is 
also easy to check that E is a unital, positive linear map. 

Moreover, for all a £ sa (21) and n £ IN: 


|fl-E(fl)||a^ / \\a-ixS{a)\\^dM) 

J H 


< 




\\a-aS{a)\\^ 


^n{g) 

^ diam (H,Z„)L„(fl). 


Mg) 


Since {ln)ne¥i converges uniformly to Z(„ which is null on H, we conclude that 
diam (H, Z„) converges to 0. 

Let 6 > 0 and let N £ IN such that for all n ^ ZSZ: 

• diam (H, l„) ^ e, 

:g£ G\{e}} ^ e. 


r 4M_i 
l Us) 


• sup 
Lef N. 

Let a £ sa (2t) with L(a)„ < oo. We have: 

\\a - oiS{a)\\^ 


|Loo(E(fl)) - L„{a)\ = 


sup 

^ sup 

^ £sup 
^ eLn(fl) 


:geG\w| 


I'M) 

Mg]) 
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Hence, for all a e sa (21) there exists b = E(fl) in sa (2ljc) with: 

\\a - E(fl)||2i ^ eL„(fl) and |Loo(E(fl)) - L„(fl)| ^ e\-„{a). 

On the other hand, if a G so (2t^c) then a = E(fl) and thus, by a similar compu¬ 
tation: 

\\a — a\\^ = 0and |Loo(fl) — U(fl)| ^ eLoo(fl). 

We thus conclude by Lemma (3.79) that for all n ^ N: 

A((2t,L„),(2tK,U)) ^e. 

This concludes our theorem. □ 

Lemma (3.79) thus provides a convenient tool to simplify certain computations 
related to relatively simple modifications of the Lip-norms. 

4. A Gromov-Hausdorff hypertopology for quantum proper metric 

SPACES 

We propose in [49] a new topology on proper quantum metric spaces, which 
extends both Gromov's topology on proper metric spaces and the topology of the 
Gromov-Hausdorff propinquity. This work is quite technical, so this section will 
focus on the key ideas. 

4.1. Gromov-Hausdorff topology. We begin with a few notations, and refer to 
[49] for details: 

Notation 4.1. Let (X, d) be a metric space, xq E X and r ^ 0. The closed ball: 

{x G X : d(x,Xo) ^ r} 

is denoted by X [xq, rjj. When the context is clear, we simply write X [xq, r] for 
X[xo,r]j. 

When working with Gromov-Hausdorff distance, we will often use the follow¬ 
ing notion of approximate inclusion: 

Notation 4.2. Let A, B C Zhe subsets of a metric space (Z, d). We write B A 
when: 

B C Z[A,e]d = U Z[fl,e]d. 

aeA 

When the context is clear, we may simply write B Cg A for B cf A. 

Gromov defined in [35] a topology on the class of pointed proper metric spaces 
as follows. We first define a local form of the Hausdorff distance. 

Definition 4.3. Let X, Y C Z be two subsets of a metric space (Z, d) and let xg G X, 
I/O £ For any r > 0, we define: 


4^''‘^((X,xo), (Y,yo)) = inf < 

e > 0 

d(xo,i/o) ^ £ and 1 

X[xo,r]cf'^Y, 



y[V0,r] X. J 
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We note in [49, Theorem 2.1.6], we show that: 


(4.1) 

4^''‘^((X,Xo), (Y,yo)) =min< 

e > 0 

d(xo,yo) ^ e and 

X[xo,r] Y[yo,r-t2e], 



i 

'^[yoH] Ge X[xo,r-t2e] ^ 


with the notations of Definition (4.3). 

Now, we use Definition (4.3) to define an infrinsic notion of convergence. 


Definition 4.4. Let X = (X, dx, ^o) and Y = (Y, dY,J/o) be two pointed proper 
metric spaces and r > 0. We define A,.(X, Y) as: 


/ 

(Z, d) metric space. 

#'"4(w(X),/x(xo)), 

; X —y Z, Ly ; y —y Z, 

\ 

(ly(Y),lY(yo))) 

lx isomefry from (X, dx) info (Z, d^). 


ly isomefry from (Y, dy) info (Z, d^) 


We fhus may define convergence of poinfed proper mefric spaces as: 


Definition 4.5. A net {Xj, dj, Xj)j^j of poinfed proper mefric spaces converges in the 
sense of Gromov-Hausdorff fo a poinfed proper mefric space (X, d, j) when: 

Vr > 0 limAr{{Xj,dj,Xj),{X,d,x)) = 0. 

Remarkably, a nef of compacf mefric spaces converge for fhe Gromov-Hausdorff 
disfance described in fhe previous secfion if and only if if converges in fhe sense 
of Definifion (4.5), for any appropriate choice of base poinfs. 

There is, in facf, a disfance associafed wifh fhe convergence in fhe sense of 
Gromov-Hausdorff, which was fhe original Gromov-Hausdorff disfance infrodu- 
ced in [35]: 


Theorem 4.6. We let: 


GH,((X,xo,Y,yo)) = max jinf { r > o| Ai ((X, xq), (^,yo)) < 

A net (Xj, dj, Xj)j^j of pointed proper metric spaces converges to a pointed proper met¬ 
ric space (X, d, x) in the Gromov-Hausdorff sense if and only if: 

limGH;((X,',d,x,),(X,d,x)) =0. 
je] 


These resulfs are well-known buf nof always given in defails, so we offer a 
defailed survey in [49, Secfion 2]. 

Now, we provide in [49] a generalization of fhe notion of Gromov-Hausdorff 
convergence for quantum proper mefric spaces. 


4.2. Quantum Proper Metric Spaces. We begin with the definition of a quanfum 
equivalenf fo fhe notion of a proper mefric space. Proper spaces are complefe, 
so our approach also begins fhe explorafion of fhe nofion of a complefe quanfum 
locally compacf mefric space. A firsf surprise in [49] is fhaf we wish to relate the 
topography and the Lip-norm of a quanfum locally compacf mefric space more 
fighfly fhan in [47]: 
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Definition 4.7 ([49], Definition 3.2.3). A quantum locally compact metric space 
(21, L, 9Jl) is standard when the set: 

{m G sa {Tl)\L{m) < oo} 

is dense in sa (fOl), i.e. when (9J1, L) is a Lipschitz pair (where we use the same 
notation for fhe resfricfion of L to sa (9Jt) and L itself). 

The motivation for fhe nofion of a sfandard quanfum locally compacf mefric 
space is: 

Theorem 4.8 ([49], Theorem 3.2.5). Let (21, L, 9fl) be a quantum locally compact metric 
space. Then (21, L, 9Jt) is standard if and only if (971, L, 971) is a quantum locally compact 
metric space. 


Thus, while every quanfum locally compacf mefric space comes equipped with 
a natural metric on its topography by Theorem (2.72), we will use another metric 
associated with standard quantum locally compact metric space: 

Notation 4.9. If (21, L, 971) is a sfandard quanfum locally compacf mefric space fhen 
we denofe fhe Monge-Kanforovich mefric associafed wifh (971, L, 971) by mk[(. 

The reason for fhis choice is simple: we wish fo define a topology which is capa¬ 
ble of disfinguishing between proper quanfum mefric spaces, which in particular 
means distinguishing topographies. This latter point forces us fo have a sfronger 
relationship between Lip-norms and topographies. 

We need another notion to introduce the concept of a proper quantum metric 
space: elements which are, in effect, locally supported from the perspective of the 
topography: 


Notation 4.10. Let (21, L, 971) be a Lipschitz triple. Let K E 1C (971). The set sa (21) n 
Xk^Xk is denoted by sa [21|iC]gj^. 

We define: 

£oc [2t|X]gjj = {fl e sa [ 2 t|fC] 5 ijj|L(fl) < oo}. 

We also set: 

£oc [21|*]$jj| = [J £oc [ 21 |i<C] 5 ijj. 

Moreover, if is a pure state of 971 and r > 0, then we denote: 


£oc 21 




m 


simply by £o c [211 r] 5 ^. 


With all these ingredients, we thus can define: 


Definition 4.11 ([49], Definition 3.2.7). A quantum locally compact metric space 
(21, L, 971) is a proper quantum metric space when: 

(1) 21 is separable, 

(2) (21, L) is a Leibniz Lipschitz pair, 

(3) L is lower semi-continuous with respect to the norm topology on sa (21), 

(4) £oc [21|*]a„ is norm dense in dom(L), 
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(5) the set £oc D OTai is dense in so (OTa) (in particular, (2t, L, 9J1) is 

standard), 

(6) mk^) is a proper metric space. 

Our notion of a proper quantum metric space is the weakest we could use to de¬ 
fine our Gromov-Hausdorff h 5 rperfopology; however we believe fhe nafural con- 
cepf is as follows: 

Definition 4.12 ([49], Definition 3.2.12). A triple (21, L, OH) is strongly proper quan¬ 
tum metric space when: 

(1) L is defined on a dense subsef of 21, 

(2) 2t is separable, and L is lower semi-confinuous, 

(3) (2t, L, ®t) is a sfandard quanfum locally compacf mefric space (where we 
idenfify L wifh ifs resfricfion fo sa (21)), 

(4) for all fl, b e 21 we have: 

L(flb) ^ ||fl||aL(b) -k ||b||2iL(fl), 

(5) fhere exisfs an approximafe unif {en)ne'M in so (911) for 21 such fhaf for all 
n G IN, we have ||en||<a ^ 1 and e £oc [21|*]gj{5,' linrn->oo ^{sn) = 0. 

In general, we see fhaf sfrongly proper implies proper: 

Proposition 4.13 ([49], Proposition 3.2.14). A strongly proper quantum metric space 
(21, L, 911) is a proper quantum metric space, and moreover for any a E sa (21) with L(fl) < 
00 there exists a sequence {a„)new u)ith an G £oc [21|*]gj^/or all n G IN, converging to a 
in norm and such that lim„_>oo L(fl„) = L(fl). If moreover a G 91 I 21 then we can choose 
an G 91l2i/or all n G IN. 

Last, we need a notion of a poinfed space. We simply propose fo pick a poinf in 
fhe specfrum of fhe topography. As a resulf, we gef: 

Definition 4.14 ([49], Definition 3.2.10). A quadruple (21, L, 911, ) is a pointed proper 
quantum metric space when (21, L, 911) is a proper quantum metric space and y G 911^^ 
is a pure state of 911. The sfafe pi, identified wifh a point in 911‘^, is called the base 
point oi (21, 

4.3. Tunnels. We follow fhe model of fhe consfrucfion of fhe Gromov-Hausdorff 
propinquify as described in fhis survey. However, fhe notion of furmel is more 
subfle. In general, asking for isomefric ’‘'-epimorphisms is foo sfricf, and we relax 
fhe nofion of furmels somewhat — although, in the case when we work with Lei¬ 
bniz quantum compact metric spaces, we recover our original concept. 

A tunnel will be a special king of passage: 

Definition 4.15 ([49], Definition 4.1.1). Let: 

^1 = (2ti, Li, 911i, pii) and A 2 = (212, U/ 9112, F 2 ) 

be two pointed proper quantum metric spaces. A passage: 

(®/ Ls, 911a, TTl, Ai, 712, A 2 ) 

from Ai fo A 2 is a quanfum locally compacf mefric space (29,911®, L®) such fhaf: 
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(1) the Lip-norm Lg is lower semi-continuous with respect to the norm || ■ ||xi 
of D, 

(2) TTgi and tTi^ are proper "^-morphisms which map to, respectively, 
and SifliB (such maps are called topographic morphisms). 

Notation 4.16. Let A and B be two pointed proper quantum metric spaces. If t 
is a passage from A fo B, fhen fhe domain dom(T) of t is A while fhe co-domain 
codom(T) of T is B. 

Now, we produce a form of local admissibilify for a passage, which leads fo our 
concepf of funnel. The key idea here is fhaf a furmel is a passage for which we can 
define a notion of local lengfh. Thus, fhe quantify associafed wifh funnels, in fhis 
confexf, becomes parf of fhe notion of furmel ifself. We refer fo [49] for a defailed 
accounf of fhis matter. 

To undersfand fhe notion of weak admissibilify for furmels, we firsf infroduce 
the notion of a lift sef and a funnel sef for a passage. 

Definition 4.17 ([49], Definition 4.1.3). Let: 

A = (21, Lgi, ftllgi, arid B = (25, L(s,31l2s, fi®) 
be two pointed proper quantum metric spaces. Let: 

T = (£>, La, 9Jta, A, tt®, B) 

be a passage from A fo B. If X e /C (911^), I > 0, e > 0, r > 0 and a e sa (2t) wifh 
L 2 t(fl) ^ I, fhen fhe lift set of a for t associafed wifh (/, r, e, K) is: 



\ 

7^21 (d) = a, 1 

h {a\l,r,£,K) = < 

d G £oc [® Xjgjj^ 

7T®(d) e £oc[*B|?i®,r-h4e]2jj^, 

La(d) ^ 1 ) 


and fhe target set of a for t associafed wifh (1, r, K, e) is: 

ir {a\l,r,£,K) = 7T® (It {a\l,r,e,K)). 

Of course, as defined, a lift sef for some passage may be empfy. The key fo our 
nofion of furmel is, indeed, relafed fo when lift sets are not empty. In essence, our 
notion of admissibilify for a passage, which depends on fhe choice of some radius 
r > 0, relies on whefher one can lift elemenfs locally supporfed on a ball cenfered 
af fhe base poinf and of radius r for fhaf passage. Formally: 

Definition 4.18 ([49], Definition 4.1.4). Let: 

A = (2t, Lgi, IHai/ Fat) ^rid B = (25, L®, 911®, f® ) 
be two pointed proper quantum metric spaces. Let: 

T = (£>, La, 9lta, /rgi. A, tt®, B) 

be a passage from A fo B. Lef r > 0. A pair (e, K), where e > 0 and X e /C (91tg), 
is r-left admissible when: 

( 1 ) n*^{ymp^,r])Cj^[D\K], 

(2) we have: 

7r^(.^[2l|;i2t,r + 4e]), 
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(3) for all a e £,oc we have: 

tr {a\l^{a),r,e,K) ^ 0, 

(4) for all fl € £oc [2l|p2i/ have: 

It {a\L<^{a),r,e,K)nm^ ^0, 

(5) for all d e £oc [® |iC]gj^^, we have L® (7TiB(d)) ^ Lj, (d). 

We then define our notion of admissibility by symmetrizing left-admissibility, 
and adding appropriate requirements related to the Leibniz property: 

Definition 4.19. [49], Definition 4.1.8] Let: 

T= (®, Lxi,911s, 7r,dom(T),p,codom(T)) 

be a passage and let r > 0. 

(1) A pair (e, fC) is r-right admissible when (e, X) is r-left admissible for 
(which is the passage where we simply switch the domain and codomain 
of t), 

(2) A pair (e, K) is r-admissible when: 

• (e, K) is both r-left and r-right admissible for t, 

• if n and v are the respective base points of dom(T) and codom(T), 

then {}i o tz,v o p) ^ e, 

• for all d,d' G £o c [® | X] , we have: 

(4.2) Lj, {dod') ^ Ls(d)||d'||s, + Ls(d')||db, 

• for all d, d' e £o c [01X] , we have: 

(4.3) b ({d,d'}) ^ b(d)||d'b + b(d')||db. 

In order to associate a number to turmels, we need to ensure that there exists at 
least one admissible number. 


Definition 4.20 (]49], Definition 4.1.10). A number e > 0 is r-admissible when 
there exists a family (Xf)fg(o,r] of compacts of such that: 

(1) for all t ^ f' G (0, r], we have Xf C Xf/, 

(2) for all f G (0, r], the pair (e, Xf) is t-admissible. 

Notation 4.21. The set of r-admissible numbers for some passage t is denoted by 
Adm(T|r). 


The apparent complexity in the notion of an admissible number is justified in 
part by the following desirable monotonicity: 

Remark 4.22. By Definition (4.20), if X ^ r then: 

Adm(T|R) C Adm(T|r), 


and 


Adm(T ^|r) = Adm(T|r). 

An r-turmel is a passage for which some number is r-admissible: 
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Definition 4.23 ([49], Definition 4.1.13). Let A and B be two pointed proper quan¬ 
tum metric spaces and r > 0. An r-tunnel t from A to B is a passage from A fo B 
such fhaf fhe sef Adm(T|r) is nof empfy. 

Remark 4.24. If t is an r-furmel, fhen t is a f-furmel for all t e (0, r] and is an 
r-funnel as well by Remark (4.22). 

Thus, we look a defour in defining funnels in such a marmer fhaf we can now 
define fheir exfenf — which is given by fhe infimum of possible admissible num¬ 
bers: 

Definition 4.25 ([49], Definition 4.1.15). Let A and B be two pointed proper quan¬ 
tum metric spaces, let r > 0, and let t be an r-tunnel from A fo B. The r-extent 
X{T)r is fhe non-negafive real number: 

X(T|r) = inf Adm(T|r). 

When T is an r-furmel, we call r a radius of admissibility. 

Remark4.26. For any r-funnel t, we have x = X (t|p), and if f G (0, r] fhen: 

x(T|f) ^ x(T|r), 

by Remark (4.22). 

Af fhis pornf, if may be quife obvious fhaf fhis new approach fo furmels agrees 
wifh our sfandard approach for fhe Gromov-Hausdorff propinquify; nonefheless 
we proved: 

Proposition 4.27 ([49], 4.1.17). f/Ai = (2li, Li,S[)li,fii) and A 2 = ( 2 I 2 , L 2 , 91 I 2 /F 2 ) 
are two pointed proper quantum metric spaces, ifr>0, and if: 

T = (£>, La, TTi, Ai, 712, A 2 ) 

is an r-tunnel/rom Ai to A 2 such that, for some ; G {1,2}, ive have: 

r ^ diam mk^,^, 

then: 

(1) (2li, Li), (212, L 2 ) and (J), Lg) are Leibniz quantum compact metric spaces, 

(2) if{e,K) is r-admissible, then K = Sllg, 

(3) for all a e sa (2ty), we have: 

Lj{a) = inf { Ls,(d)| Tij{d) = a], 

(4) Tij is a *-epimorphism. 

4.4. A Gromov-Hausdorff Topology. We prove in [49, Theorem 4.2.1] fhaf a fun¬ 
nel composition process similar fo Theorem (3.13) can be defined for our furmels 
befween proper quanfum mefric spaces. The notions of liff sefs and fargef sefs 
are also exfended in [50], and fhey enjoy various local versions of fhe properties of 
funnels, seen as morphisms of sorf, befween Leibniz quanfum compacf mefric spa¬ 
ces. These matters are however rafher fechnical as fhey always involve working 
"locally", i.e. involving fhe topography quife explicifly. 

None fhe less, we can formulafe a local form of fhe propinquify as follows: 
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Notation 4.28. The set of all r-tunnels from A fo B is denofed by: 




(A) ^ (B) 


for any fwo poinfed proper quanfum mefric spaces A and B.This sef may be 
empfy. 


We should nofe fhaf in [49], we do infroduce a nofion of appropriafe classes of 
furmels, in fhe same spirif as in fhe compacf seffing; we avoid overloading fhis 
already involved secfion wifh more concepfs and nofafions and refer fo [49] for 
discussions on all these topics. 

We thus can define: 


Definition 4.29 ([49], Definition 5.1.1). Let A and B be two pointed proper quan¬ 
tum metric spaces and r > 0. The r-local propinquity between A and B is: 


Af(A, B) = inf < X (T|f) 




(A) ^ (B) 


with the usual convention that the infimum of fhe empfy sef is oo. 


We fhen showed in [49] fhaf fhe local propinquify enjoys properfies which allow 
us fo define an equivalent of fhe Gromov-Hausdorff disfance: 


Definition 4.30 ([49], Definition 5.2.1). The topographic Gromov-Hausdorff Propin¬ 
quity A*(A, B) is the non-negative real number: 


A^(A, B) = max 



e > 0 


Af (A,B) < 



Now, much work is involved in [49] to prove that, in fact, the topographic 
propinquity is an infra-metric with the property that: 


Theorem 4.31 ([49], Theorem 5.3.7). If: 

Af(A,B) =0 

for two pointed proper quantum metric spaces A, B, then there exists a pointed isometric 
isomorphism n : A —>■ B. 


We note that a pointed morphism is a morphism whose dual map associates 
one base point to another. 

Thus, our topographic propinquity defines a Hausdorff topology on the class 
of all poinfed proper quanfum mefric spaces. 

Moreover, our new fopology exfends bofh fhe Gromov-Hausdorff propinquify 
topology on Leibniz quanfum compacf mefric spaces and fhe Gromov-Hausdorff 
fopology on proper mefric spaces: 

Theorem 4.32 ([49], Theorem 6.1.1). If a sequence: 

(X,|, dfi, Xn}neK 

of pointed proper metric spaces converges to a pointed proper metric space {Y,AY,y) for 
the Gromov-Hausdorff distance, then the sequence: 

(CQ(Xn), Ln, Co(Xn), Xn)fj^]i\j 
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converges to (Co(Y), L, Co{y),y) for the topographic Gromov-Hausdorff propinquity, 
where L„ and L are the Lipschitz seminorms on, respectively, CofXn) for dn for any « e IN, 
and Co{Y)for dy. 

Theorem 4.33 ([49], Theorem 6.2.1). A sequence {Qin, L^) of Leibniz quantum compact 
metric spaces converges to a Leibniz quantum compact metric space (21, L) for the dual 
propinquity if, and only if it converges for the topographic Gromov-Hausdorff propinquity. 

We thus propose that the topographic propinquity provides a possible avenue 
to discuss the convergence of pointed proper quantum metric spaces. 
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